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Abstract. In this paper we introduce generalized bootstrap processes on 1? with local, 
homogeneous, monotone update rules of any kind, and prove the first results about the 
phase transitions of these processes. Let U = {Xi, . . . , Xm\ be a set of finite, non-empty 
^S) ' subsets of T? \ {0}. Under the generalized bootstrap process for W, there is an initial set 

T-H ' Afi <Zl? of 'infected' sites, and at time t J5 I the infected set is At — At-\ U {x € : 

O ! Xi + X C At-i for some i G [m]}. Let Pc{U,t) = inf{p : Pp(0 £ At) > 1/2}, where Ao is 

' a random subset of in which sites are infected independently with probability p. We 

$_( ' prove that, under certain weak conditions, there exist constants Ai, A2 > and integers 

ai , Q2 ^ 1 such that 
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■ 
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These are the first results of any kind on bootstrap percolation considered in this level 
of generality. 



1. Introduction 



Cellular automata are dynamical systems on graphs in which vertices have one of a finite 
number of states at discrete times t. The states of the vertices change according to an 
update rule, which is homogeneous (the same rule applies to every vertex) and local (the 
^ I rule depends on only a finite neighbourhood of the vertex under consideration). These 

CD ' systems were first introduced by von Neumann (see [20] , for example) at the suggestion of 

2^ . Ulam [18j. The subject of this paper is bootstrap percolation, a particular type of cellular 

automaton proposed by Chalupa, Leith and Reich in 1979 [6], who were motivated by 
^ ■ applications to interacting particle systems in physics. 

I In the simplest model of bootstrap percolation, called r -neighbour bootstrap percolation, 

■ a subset A of the vertices of a graph G are initially infected, and at each time t, infected 

vertices stay infected, and among the uninfected vertices of G, those which have at least r 
infected neighbours become infected. In keeping with the percolation literature, we shall 
use the words 'vertex' and 'site' interchangeably. Most mathematical results in the field 
i of bootstrap percolation have concerned the r-neighbour model, either on Z'^ or the finite 

: grid [nf (see [l9l|lllI71[l6l[ni|3l[2]fora selection of these results) . Gravner and Griffeath 

|lll [T2I [T3] were the first to generalize the ideas from the r-neighbour process to other 
bootstrap processes. They studied bootstrap processes, again on integer lattices, but this 
time with much more general update rules, called threshold dynamics. These are defined 
by a neighbourhood A/", which is a finite subset of Z'^\{0}, and a positive integer threshold 
r. Given an initial set A:= Aq <ZU^, for t ^ we set 

At+i := AtUixeZ"^ -.IM + x]^ r}. 
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Thus, a site x becomes infected when at least r sites in the neighbourhood M + x are 
infected. When = {=bei, . . . , ie,^}, where the are the standard basis vectors in R'^, this 
is precisely the r-neighbour model. The threshold dynamics models studied by Gravner 
and Griffeath, and later Duminil-Copin and Holroyd [7|, had a number of additional 
constraints. The first of these constraints was that the process should be critical, meaning 
roughly that growth is neither too easy (there exist finite sets with infinite closure) nor 
too hard (there exist closed cofinite sets). This is a natural assumption: if growth is not 
critical, then the behaviour of the critical probability is genuinely different, as we shall see 
later in the paper. However, the other constraints, which were that the process should be 
symmetric {x £ M implies —x S Af) and balanced (meaning roughly that the two hardest 
directions in which to grow are equally hard), are much less natural. 

Our aim in this paper is to go considerably further: rather than one rather special 
model, we shall take all local, homogeneous, monotone models. This means that we shall 
fix an s and take all neighbourhoods of x which consist only of sites at distance at most s 
from x; for each of these we say whether or not x becomes infected given that all the sites 
in the neighbourhood are infected, and we do this such that the neighbourhoods which 
infect X form an up-set. The same rule is then applied to every site x. 

Formally, let m G N, and for each i £ [m], let Xi be a finite, non-empty subset of 
7? \ {0}. Let U = {Xi, . . . , Xm}- We call U an update family and each Xi an update rule. 
Let A C and let A C A. In bootstrap percolation on A with update family U and initial 
set A = Aq, we set 

Af+i := At U {x £ A : there exist i G [m] such that Xi + x C At}. 

Roughly speaking, there is a set A C A of initially infected sites and at each time step, 
whenever a translate of a configuration Xi by an element of is completely infected, 
the corresponding translate of the origin also becomes infected. We call this a generalized 
bootstrap process. (The indefinite article indicates the dependence onU; since U will always 
be understood, from now on we shall write the generalized bootstrap process.) The closure 
of A under lA is defined to be [A\ := U^Q^t. When the closure of A is the whole of A, we 
say that A percolates A under U, or more usually, when A and U are understood from the 
context, we say simply that A percolates. 

• • • 

• o • • o o • 

• • • 



o • • • • 

• • o • • o 

Figure 1 . An example of an update family lA consisting of six rules. Under 
the generalized bootstrap process with this update family, if there is a 
translate of one of the rules such that all of the black dots are infected, 
then the white dot will become infected too. 

We are primarily interested in the case when the initial configuration A is chosen at 
random. Fix p £ [0,1] and let lip be a random subset of 1? in which each site is included 
independently with probability p. Define the initial set A to be HpnA. Let Pp{U, A) be the 
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probability that A percolates A under U when A is chosen with this distribution. Closely 
related to Pp{h(,A), and the parameter that we shall mostly be concerned with, is the 
probability Pp{U,t) that the origin is infected by time t under the generalized bootstrap 
process with initial set A = Hp. The critical probability for infecting the origin by time t 
is 

Pc{U,t) =mi{p : Pp{U,t) ^ 1/2}. 

As we shall show, the behaviour of bootstrap percolation under U is largely governed 
by the directions of certain unit vectors in the plane, which are normal to the boundaries 
of certain half-planes. Before we make this statement precise, let us set out some standard 
notation. Throughout, || • || will mean || • ||2, the Euclidean distance, and (•,•) will mean 
the Euclidean inner product. Let iS^ = G : ||x|| = 1} be the unit circle in R^. The 
definitions we give next are the most important definitions of the paper. 

Let u ^ and let a € M^. We define IHI„^a to be the discrete half-plane {z ^ 7? : 
{z — a,u) < 0}, and we set = Mufl. A unit vector u & is a stable direction forU if 
[H^] = EI„. We denote by S the set of all stable directions for U and we call S the stable 
set for lA. If u G 5*^ = S*^ \ 5, then we call u an unstable direction for 14. 

Under two-neighbour bootstrap percolation on I?, the stable directions are (1, 0), (0, 1), 
(—1,0) and (0, —1). Closed sets are unions of (solid) rectangles mutually at ^l distance at 
least 2 whose sides are orthogonal to stable directions. One of the difficulties we encounter 
is that we do not have an analogous useable description of closed sets under the generalized 
bootstrap process. However, we shall need at least an approximate description. Let us call 
these approximations to set closures strongly closed sets. (We shall not use this expression 
beyond the next two paragraphs, but it has the advantage over what we shall call them 
later that it does not pre-empt the definition.) What properties would we like strongly 
closed sets to have? Prom the point of view of a lower bound for the critical probability, 
we would like the sets to be growth limiting; thus, if A is a subset of a strongly closed 
set, then the closure of A should be contained within the original set. (This means that 
strongly closed sets should be closed.) On the other hand, when proving an upper bound 
for the critical probability, we would like to be able to use the sets as foundations for 
growth, meaning that strongly closed sets (of any size) should be able to grow into larger 
strongly closed sets by the addition of a bounded number of additional sites. Of course, 
we are free to choose different definitions of strongly closed sets to statisfy each of these 
two properties, but it turns out that one definition is enough. 

We now formalize these ideas. Let U be an update family and S = {ui : i £ 1} its set 
of stable directions. Let J C I and for each j & J let aj G E?. An ocean for 5 is a set D 
of the form 

In other words, D is an intersection of stable half-planes. When D is finite we call it a 
droplet for S. We shall often not mention S when it is understood from the context. By 
the definition of a stable direction, we always have [D] = D whenever D is an ocean. 

There is a good reason why we define oceans for S and droplets for S, rather than 
oceans for U and droplets for U. We want the definition of a droplet to be such that we 
can use droplets as a base from which it is possible to grow — by this we mean that it 
should be possible to increase significantly the size of the set closure by the addition of a 
small number of extra infected sites. In two-neighbour bootstrap percolation, the closure 
of a rectangle and an additional site on one of its sides (so the £i distance from the site 
to the rectangle is 1) is the smallest rectangle that contains the original rectangle and 
the extra site. So we could think of rectangles, with the help of a few additional sites, as 



4 



BELA BOLLOBAS, PAUL SMITH, AND ANDREW UZZELL 



growing into larger rectangles. Similarly, in the generalized setting, we want droplets to 
grow into droplets. However, it is not the case that droplets for S grow into droplets for S; 
we find that, even when several additional sites are infected on one side of a droplet, the 
infection does not quite spread all the way along the side. As the droplet grows, the result 
is not another droplet, but instead a set of sites that resembles a droplet with its corners 
rounded off. We avoid this problem by defining a new set Si, which we obtain from S by 
adding a number of quasi-stable directions. It will turn out that, with a suitable definition 
of these quasi-stable directions, droplets for Si do grow into droplets for Si. So we shall 
have reason to talk about oceans and droplets for both S and Si within the context of the 
same update family U. 

Suppose there does not exist a droplet for S. Intuitively we would expect this to be true 
if and only if there exist finite sets with infinite closures; this latter property suggests that 
the nature of Pp{U, t) in the case when there does not exist a droplet for S should be very 
different to the nature of Pp{U,t) in cases such as two-neighbour bootstrap percolation. 
Later we shall prove an appropriately formalized version of this statement. In fact, update 
families exhibit fundamentally different behaviour according to which of three different 
classes they belong. We say that U is 

(i) supercritical if there does not exist a droplet for U; 

(ii) critical if there does exist a droplet for U and |5| < oo; and 

(iii) subcritical if there does exist a droplet for U and |5| =00. 

(These definitions are similar but not identical to those of Gravner and Griffeath |1H [121 
I13j . and Duminil-Copin and Holroyd [7j.) By far the most important of these families is 
the critical family, which includes the two-neighbour model, the modified two-neighbour 
model, threshold dynamics, the Frobose model |10j . any many others. 
The main theorems we prove are as follows. 

Theorem 1. Let U be a critical update family. Then exists a positive integer ai and a 
positive real Ai such that whenever p = p{t) satisfies 



Theorem 2. Let U be a critical update family. Then exists a positive integer 02 and a 
positive real A2 such that whenever p = p{t) satisfies 



we have Pp{U, t) — )• 1 as t ^ 00. 

Corollary 3. LetlA be a critical update family. Then exist positive integers 01,02 <ind 
positive reals Ai,A2 such that 



Roughly speaking, we obtain ai = 02 when it is equally difficult to grow in all stable 
directions. For example, in two-neighbour bootstrap percolation, no matter which side of 
a droplet we pick, we always need exactly one extra site to grow along the side, so in that 
case we obtain qi = 02- We also obtain results for Pp{U,K) analogous to Theorems [1] and 
El but we defer their precise statements until we have defined Si. 







□ 
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Returning to the example update family U in Figure [U in the proofs of Theorems [T] and 
[2] the values of ai and a2 we obtain for this example are both equal to 1, so the theorems 
give 



Thus, although generalized bootstrap percolation under lA is far more complicated than 
two-neighbour bootstrap percolation, our theorems prove that the critical probability oc- 
curs at the same order of magnitude. 

The rest of this paper is organized as follows. In Section [3] we prove an update family 
is supercritical if and only if there exists a finite subset of 1? with infinite closure under 
lA. (One of these implications is trivial.) We also prove stronger results in some more 
specific cases. We then apply these results to the probabilistic setting to deduce bounds 
on Pp{U, t). The main results are proved in Section [J] and concern critical update families. 
Sections 14.11 and 14.21 deal with Theorem [U the lower bound. It is a feature of almost all 
proofs in probabilistic bootstrap percolation that most of the proof concerns deterministic 
properties of the process, and so it is here. First, in Section [4.H we prove deterministic 
results about a process related to the generalized bootstrap process. Then in Section [4.21 
we use these results to prove Theorem[TJ Sections l4.3ll4.4l and l4.5l deal with Theorem[21 the 
upper bound. In Section [4.31 we formalize the notion of quasi-stability from the discussion 
above, and in Section 14.41 we prove results about the growth of quasi-droplets. Then in 
Section[2]we apply these deterministic results to the probabilistic setting to prove Theorem 
[21 As mentioned above, we also obtain results for Pp{U,A) analogous to Theorems [1] and 
[21 which we prove in Section 14.61 Finally, in Section \5\ we discuss open problems and 
conjectures. 



In this section we derive a number of basic properties of the stable set and introduce 
some important definitions relating to the geometry of the stable set. 

We define to be the line {x G : {x-a, u) =0}, iu,a to be the lattice line ^^nZ^, 
and we set iu = i'lo = ^ufi- Note that if has irrational slope, then 1^ = {0}. 

Lemma 4. If u is an unstable direction forlA, then [EI„] = 1? . 

Proof. Let u be unstable. Then there exists a ^ Ai\Aq and X £lA such that X + a C E[„. 
But then X C Mu, since if x £ X, we have {x + a,u) < 0, hence 



where the first inequality follows because a ^ H^. 

So S j4i, and by translation C Ai. We claim that there exists a site b such that 
{b, n) > and BI„^;, C Ai. If -£* has rational (or infinite) slope, then the set of non-empty 
lattice lines that are parallel to ^* is discrete, so there is one such that is nearest to ^* and 
not contained in H^, containing a site b, say. Then H^^b = EI„ U C Ai. Otherwise, ^* 
has irrational slope. In this case, let 



X is finite and does not intersect iu, so 6 > 0. Thus, if x G M^^su, then X + x C H^, so we 
have Mu^Su C Ai. The line may not contain any sites, but the lines parallel to that 
do contain sites are dense in the plane, so certainly there exists a site b with (6, u) > 
such that Hu b C Ai. 




2. Stable sets and stable half planes 



{x,u) ^ {a,u) + (x,n) < 0, 



6 = sup {A G M 



X C Mu-\u}- 
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Since has a site on its boundary, namely 6, it is congruent to ]HI„, so an inductive 
argument gives Mu^tb C At for all positive integers t. Thus, since {b, u) > 0, we have that 
the closure of A contains |Jj 'iSlu,tb = Tl? ■ □ 

Let T be the torus M/27rZ. We shall often need to change between elements of and 
elements of T, so we define the following natural bijection. Let u : T — >• 5^ be the function 

n(0) = (cos 6*, sin 6*), 

and let : S"^ — >• T be the inverse function, so that if n = then Q(u) = 6. 

Lemma 5. is a finite union of open intervals in the unit circle, and hence S is a closed 
subset of the unit circle. 

Proof. For each i G [m], let 

r, := {uGS'' : XiC M^}. 

We think of Tj as the set of directions destabilized by the update rule Xi. If n G 5'^ then 
there must exist i such that Xi C Mu, which implies that 

S' = ljT^ (1) 

Therefore it is sufficient to prove that each Tj is an open interval in T. 

First we prove that Tj is open. Let u £ Ti. Then Xi C M^, or in other words, 
{x,u) < for all x E Xi. So there exists 5 > such that {x,u) < —5 for all x £ Xi. Let 
M = max{||x|| : x G Xi} and let u' G be such that \\u' — u\\ < 6/M. Then, for x G Xi, 

{u , x) = (n, x) + {u' — u,x) ^ {u, x) + \\u' — u\\ \\x\\ 

by the Cauchy-Schwarz inequality. Therefore, we have 

{u',x) < -(5 + 5 = 0, 

so u' £ Di. 

Next we prove that Tj is an interval. As noted above, 

r, = Pi {u:{x,u) <0}. 

That is, Ti is an intersection of intervals of length less than vr, so Tj is an interval. □ 
Lemma [5] justifies the following definitions. Given an update rule X, let 

e{X) ={e : XC EI„(e)}, 

and let 

T{X) = {u£S^ : X C M„}. 

Also, define 0~{X) = inf G(X) and e+{X) = supG(X). (Note that inf and sup are well- 
defined on the natural linear ordering on Q{X) when considered as a subset of T.) By 
LemmaO we can alternatively write @{X) as the interval {9~{X), 9'^{X)). When X = Xi, 
we write 9, = Q{X,), Ti = T{Xi), 07 = d-{Xi) and 6+ = 6+{Xi). 

Lemma 6. Let S be finite and non-empty, and let u £ S. Then £u contains at least two 
sites. 

Equivalently, iu contains infinitely many sites, and also equivalently, ^* has either ra- 
tional or infinite slope. 
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Proof. Since S is finite, we deduce from Lemma [5] and the definitions just given that, if u 
is a stable direction, then there exists i such that u = u{9~) (equivalently, there exists j 
such that u = u{6~^)). It therefore suffices to check that, for each i, the line i^f^g-^ contains 

at least two sites. Let (j) = 6^ , so by definition, 

(j) = inf {6 G {Oi - 7r/2, 6, + 7r/2) : Xi C ]HI„(e)}. 

If ^u{<f)) does not contain a non-zero site, then neither does ^Jj^^); so the latter does not 
intersect the closed set Xi , and therefore there exists 5 > such that n = for 

all ^ e < (5, contradicting the definition of (j). □ 

This lemma justifies the following definition, which generalizes the definition of lines 
of direction u in [7J. (In fact, the definition is the same, but the set of vectors to which 
the definition applies is more general.) Let u £ S and consider the lines orthogonal to 
u that intersect Z^. These lines are parallel, discrete (since £u has rational or infinite 
slope), and there is a natural integer- valued indexing for them. Let iu{0) be the line 
intersecting the origin, and for each i S Z, let £u{i) be the ith line in direction u. Let ^J^(i) 
be the line in that contains iu{i)- Analogously to these we define the iih. half-plane in 
direction u to be IHIt((i) := BI„^a where a is any element of luii)- We also define 5u to be 
the orthogonal distance between consecutive lines of direction u and r]u to be the distance 
between consecutive elements of We observe that duTju = 1- 

3. Supercritical families 

Recall that supercritical families are those for which there does not exist a droplet. The 
majority of this section is concerned with proving deterministic results about supercritical 
families of the following nature. We show that whenever li is supercritical, the closure 
of any sufficiently large ball in 1? contains an infinite subset of 1?. In Proposition [9] we 
show that if S is empty then the closure of any sufficiently large ball is the whole of 1?. 
In Proposition [10] we show that if |5| = 1 then the closure of any sufficiently large ball 
is essentially a minimal half-plane containing that ball (a little more precisely, we show 
that the closure is essentially the minimal ocean containing that ball). In Proposition [TT] 
we deal with general supercritical families, assuming nothing about 5, and show that the 
closure of any sufficiently large ball contains a one-way infinite cylindrical subset of 1?. 
None of these results are surprising: each one says that the closure of a sufficiently large 
set is (or contains) the maximal set that it could conceivably be (or contain). 

In addition to these results, we prove that the (Euclidean) diameter of the set of infected 
sites increases at least linearly in time. It turns out that this property will be key to 
proving the one probabilistic result of this section. Theorem [THl which will say that if U 
is supercritical and p ^ t""^/^ for some positive integer /3, then Pp{lA,t) — t- 1 as t — >• oo. 
This is very different in nature to the Theorem [21 which says in the critical case that 
if p ^ (A2/ log t)^/"2 for some constants A2 and 02, then Pp{U,t) — )• 1 as t — >• 00 (and 
Theorem [1] says that this is essentially the right sort of function of t for p) . The result in 
this section hinges crucially on the existence of finite sets with infinite closure. In fact, to 
prove this theorem we only use Proposition [Til but we include Propositions [9] and [10] for 
completeness. 

Given 9 eT, let U{9) be the set of all update rules X that destabilize u{9), so X e U{9) 
if and only if X C ^u{e)- Observe that hl{9) is empty precisely when u{9) is a stable 
direction. Let R0{X) be the smallest closed rectangular subset of with sides parallel 
or perpendicular to u{9) that contains X. Let l{9) be the maximum over X G tl{9) of the 
lengths of the sides of Re{X), and let e{9) be the maximum over X £h({9) of the distance 
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from the origin to R0{X). There are a finite number of update rules, so there exists an I 
such that l{9) ^ / for all 6. Since update rules are finite and ]HI„(£)) does not intersect the 
line through the origin perpendicular to u[0)^ e{9) is strictly greater than for all 9. 

The following two lemmas are at the heart of Propositions [9l [10] and [TTJ The purpose 
of the lemmas is to establish that away from the stable directions, e(^) is bounded away 
from uniformly in 9. This tool will enable us to view the boundary of a sufficiently large 
ball locally like a half-plane. 

Given a metric space {Y,d), let B{x,r) = {y £ Y : d{x,y) ^ r} and B{x,r) = {y £ 
Y : d{x,y) < r}. 

Lemma 7. Let Y be a metric space and K a compact suhspace of Y such that 

K (l\jB{xi,ri). 

Then there exists 5 > such that 

K c[jB{xuri-5). (2) 

Proof. Suppose ^ does not hold for any 5 > 0. Let = Ui(zjB{xi,ri — 1/k). Then, for 
each k = 1,2, . . . , there exists (pk G K\Wk- Since K is compact, there exists a subsequence 
{4>kj)'^i of i4'k)'kLi which converges to some (p £ K. Now K C U^^^W^, so there exists /cq 
such that (j) G Wk for all k ^ Uq. But the Wk are open and nested, so there exists 5' > 
such that B{(j), 6') C Wk for all k ^ ko, contradicting the convergence of {(pkj)'jLi to (p. So 
we have 6 > such that ([2]) holds. □ 

Lemma 8. Let T be a closed subset ofT such that u(T) n 5 = 0. Then there exists e > 
such that e{9) ^ e for all 9 £T. 

Proof. The condition u{T) n 5 = is equivalent to 

m 

fc\J{9r,9t). 

i=l 

T is a closed subset of T, which is itself compact, so T is compact. Therefore by Lemma 
[3 there exists 5 > such that 

m 

Tc[j{9- + 5,9t-5). 

i=l 

Given 6* G f , let i be such that 9 £ {9r + 5, 9f - 5), and take X{9) = Xi. With these 
choices of update rules for the angles 9 we have 

and ^ 1 for all x G X{9), whereas we have 

So the distance from x to is at least sin (5 > 5/2 for all a; G X{9) (see Figure [5]). 
Therefore we may take e to be 5/2. □ 

Throughout the remainder of this section, we take the metric space (y, d) to be I? with 
the Euclidean metric. For short we write B{r) to mean i3(0,r). 

The proofs of the next three propositions are longer than the proofs of Lemmas [7] and 
El but the details are mostly technical. 
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Figure 2. X{6) is a subset of IHI^(g-) n M^^g+y which consists of the sites 
inside the shaded area. is contained in the complement of the shaded 
area widened by an angle of 6 at either side. The distance between these 
two regions is at least sin 6. 

Proposition 9. Suppose \S\ = 0. Then there exists vq such that [B{r)] = H? for all r ^ r^. 
Furthermore, there exists s > such that if r ^ r^ and Aq = B{r), then B{r + st) C At 
for all t ^ 0. 

The final statement implies that growth of the ball happens at least linearly in time. 
As stated in the introduction to this section, this is the key property for the probabilistic 
corollary. 

Proof. The aim of the proof is to show that if the radius of the ball is sufficiently large, 
and hence its curvature sufficiently small, then it looks locally like a half-plane at points 
on the boundary (this is what we want: if the boundary of the ball were flat, then we 
would be done, at least if we only wanted the closure result). A little more precisely, we 
show that if the radius r is sufficiently large, then for all directions u, the boundary of 
the ball near ru looks like a half plane, so if x is a point just outside the boundary of the 
ball in direction u and X is the (or a) rule that destabilizes u, then X -\- x is contained 
within the ball. This will give the first result. To get the linearity result we need a little 
refinement to show that X + xis not just inside B[r) but at least a constant distance from 
the boundary of B{r). 

Since S is empty, u{9) is not a stable direction for any G T, so U{6) is non-empty for 
all e eT. We apply Lemma [8] with T = T to get e > such that e{e) ^ e for all 9 gT. 
Thus, given a direction 9, there exists an update rule X{9) S i^{9) contained within a 
rectangle Rq{X{9)), with sides parallel and perpendicular to u{9), side lengths at most /, 
and distance from the origin at least e. 

Recall that we want, for sufficiently large r, that if x = ||x||n(0) lies outside of B{r), but 
lies sufficiently close to the boundary of B{r), then X{9) + x is contained in B{r). More 
precisely, we require tq and s > with the property that, for all r ^ tq, if ||x|| ^ r + s 
then {Re{X(9)) + x)r\I? C B{r). Take 



/2 e 
^° = 7 + 4' 
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SO Vq = (ro - + If r ^ vq, then ^ (r - + Suppose that ^ r + e/2 
and let y € -^(^)- We must show that \\x + y|| ^ r. But this is the case, since 

||x + yf ^ {\\x\\ - ef + f ^{r- e/2f + ^ r^. 

We conclude that s = e/2 will do, and if Aq = B{r) and r ^ tq, then inductively B{r+st) C 
At for ah t ^ 0. □ 

Proposition 10. Suppose \S\ = 1 and let u be the unique stable direction. Then there 
exists ro > such that for all r ^ rQ the following holds. Let k be the minimal integer 
such that ru G IHI^(/c). Then 

n^{k-l) C [B{r)]ciU^{k). 
Furthermore, there exists s > such that if r ^ r^ and Aq = B{r), then 

B{-,st{i, r + st)\ lu{k At 

for all t ^ 0. 

Proof. The containment [-B(r)] C M.u{k) follows from the stability of u. The containment 
M.^{k — 1) C [-B(r)] follows from the much stronger statement in the final sentence of the 
Proposition, so we only have to prove that. Part of the proof follows similar lines to the 
proof of Proposition [UJ but there is an extra difficulty here because e{9) need not not 
bounded away from near to 9{u). 

Let u = u{9). Since d is the unique stable direction, 

m 

\J{er,et) = T\{9}. 
1=1 

Therefore there are indices a and b such that 9 = 9'^ = 9^ . Choose arbitrarily 9a G {9^ , 9^) 
and 9b G {9^,9^), and let T = T \ {9a, 9i,). Applying Lemma [8] with this T gives e > 
such that €(9) ^ e for all 9ef. 

Fix the initial radius ri, which should be at least ro, a quantity to be determined later. 
Define the moving ball B'{r) = B{—{r — ri)u, r), which has the property that the tangent 
at riu is fixed. 

We require ro and s > with the property that, for all r ^ ri ^ ro, if a; G B'ir + s)\ 
iu{k — 1) then there exists X £ U such that X + x C B' {r)\i{i^{k — 1). Put another way, 
we must show that there exist ro and s > such that if x satisfies 

\\x + (r + s — ri)u\\ ^ r + s and x ^ iu{k — 1) (3) 

for some ri ^ ro, then there exists an update rule X such that if y G X then y satisfies 

\\x + y + {r — ri)u\\ ^ r and x + y^£u{k — l). (4) 

Let V = — (r + s — ri)u and v' = — (r — ri)u. Let x have property ([3]) and let 9 be such 
that X — V = \\x — v\\u{9). We divide the remainder of the proof into three cases (albeit 
only two essentially different cases) according to the value of 9 and show in each case that 
there exist ro and s satisfying the property for the given range of values of 9. Taking the 
maximum of the three bounds we obtain on ro and the minimum of the three bounds we 
obtain on s will give us the result. In the first case we assume 9 is bounded away from 
9 and use Lemma [H] to show that e(^) is bounded away from zero in this region. In the 
second two cases, we assume 9 is close to 9, and then use properties of the geometry of 
the rule(s) that destabilize u{9) to prove the result. 
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Case 1. First suppose G TT. We proceed as in Proposition [9l letting X = X{9). We in 
fact show a stronger statement than Q, namely that 

\\x + y + {r + s — ri)u\\ ^ r — s and x + y ^ iu{k — 1) (5) 

for all y G X{9). This says that x + y belongs to B{v,r — s), while dH says only that 
X + y belongs to B(v',r) (which contains B{v,r — s)). The stronger statement is more 
convenient to prove because B{v,r — s) and B{v,r + s) have the same centre (the latter 
being the ball than contains x). 

Observe that we have x + y ^ £u{k — 1), since x + y £ £u{k — 1) implies 

f y\\ - 



cos{9 -9)^ 



\x + y\ 



which for ||x|| sufficiently large means 9 ^T. 

Apply Lemma [8] with our TT to get e > such that e(^) ^ e for all 9 £ T. We choose 
different values for tq and s to those we chose in Proposition [9l this time we take 

3/2 e 

which ensures that (ro — 2e/3)2 -i^ P = (rg — e/S)^, and we take s = e/3. If r ^ ri ^ tq, 
then (r - 2e/3)^ ^ (r - e/3)2 + f. Therefore, 

\\x + y- vf ^ (||x - v\\ - ef + P ^{r- 2e/3f + < (r - e/Sf, 

as required. 

Case 2. Now suppose 9 G {9a, 9). We show that we can choose ro and s such that ([!]) 
holds when X = Xa- Since x G IH[ji(/c — 1) and Xa C El^i(l), we have y + x £ M{i{k — 1), 
so x + y ^ iu{k — 1). Therefore we just have to show that x + y £ B'{r). 

Let y £ Xa, let U"*- = u{9 — tt /2), lei x — v = xiu + X2U^ , and let x + y — v = yiu + y2U^ ■ 
We are given that + ^ (r + s)^ and must show that {yi — sf + y2 ^ r. Since 
Xa C IHI^(l), certainly yi ^ xi. Furthermore, since Xa is bounded, there exists a constant 
ci such that yi ^ xi — ci. Suppose xi — 1/2 ^ yi ^ xi. We easily see that if ri is 
sufficiently large then X2 ^ 2/, so we are free to assume that y2 ^ 0. Then since ||y|| ^ 1, 
we have ^ y2 ^ X2 — V^/2, so if s ^ \/3/2 then x + y £ B'{r). 

Suppose instead that xi — ci ^ yi ^ xi — 1/2. Since Xa C EI^j.g--j(l), the maximum 
value of (yi — sf + y2 occurs when x + y lies on the line through x perpendicular to u{9a)- 
Therefore we may assume y is of the form ||y||ti(^a — t^/2). It follows that 

||x + y — ti'll^ = ||x — t''||2 + 2||x — v'llllyll cos(6' — {9a — vr/2)) + ||y||^. 

We have the inequalities 9a < 9a ^ 9, so 

cos{9 - {9- - Ti/2)) = - sm{9 - 0") ^ - sin(0, - 0") ^ -C2, 

where C2 > is a constant. Therefore 

||x + y — v'll^ ^ ||x — f'||2 — 2||x — t;'||||y||c2 + ||y|p 

= (Ik - ^'11 - Ily||c2)^ + \\y\? - (||y||c2)^ 
< (r + 2s- ||y||c2)2 + ||y||2 - (||y||c2)2. 

The quantity ||y|| is at least 1 and at most a constant, so taking s = C2/4 we get ||x + y — 
f'lP ^ for sufficiently large rg. 

Case 3. Finally, the case 9 £ {9, 9^) is treated similarly to Case 2. 
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In all three cases we have proved that ^ holds. Therefore if Aq = B{ri) and ri ^ ro, 
then inductively B'{ri + st) C At for ah t ^ 0. □ 

Proposition 11. Let U be a supercritical update family. Then there exist constants tq, 
ci and a unit vector u £M? with rational slope such that if r ^ tq, then 

U B{Xu,r-ci) C [B{r)], 

where the union is taken over real values of X. In particular, \[B{r)]\ = oo. Furthermore, 
there exists s > such that if r ^ r^ and Aq = B{r), then 

IJ B{Xu,r-ci)cAt 

for all t ^ 0. 

Proof. First we show that there is an open interval of length at least vr in T such that u{9) 
is unstable for all 9 in this interval. Equivalently, we show that there exists E T such 
that 

S C {u{e) : \e - e\ ^ 7r/2}. (6) 

If there is no such 6, take u{9i), u{62) and ^(6*3) stable such that 9i £ (0, vr), 62 G 
{9i, 61 + vr) and ^3 G (6*2, 02 + tt). It follows that n^^;^IHI„(g.)^^(g.) is a droplet, contradicting 
supercriticality. If there exists an open interval of values of 9 satisfying ([6]) then we can 
choose such that u{9) has rational slope. If there is no such open interval and 9 satisfies 
©, then both u{9 — 7r/2) and u{9 + vr/2) must be stable, so they have rational slope by 
Lemma El and therefore so does u[9). 

Let u = u{9), 9i = 9 + 7r/2, §2 = 9- tt/2, ui = u{9i) and U2 = u{92). We define B"{w) 
to be a union of balls 

B"{w)= IJ B{Xu,r'). 

Fix r ^ ro, where tq is a constant to be determined, and let r' be maximal such that r' 
is of the form {k + 1/2)5^^ and r' ^ r {5u-^ is the gap between lines of direction ui). Fix 
s > 0, a constant which is also to be determined, and let A{u)) = B"{w + s) \ B"{w). 

In the previous two propositions we used induction on the radius r. Here we would like 
to induct on A, but at present A is a real parameter. Therefore it would be useful to know 
that 

J B{Xsu,r')= y B{Xsu,r'). (7) 

AeK Aez 

when s is chosen sufficiently small. If this is the case, we would be able to assume that 
A G Z and use induction as before. Let us show that ^ holds. We must prove that 
A{w) C B{{w + s)n, r'). Suppose this is false, and x G A{w) \ B{{w + s)u,r') with 
X = xiiL + X2U1. Then 

{r'f - sV4 < ^ (r'f. 

Now if 

£^ ^ rpSui _ ^ 
4^2 16 
and r' ^ ro, then we have (r')^ — ^ (r' — (5u^/4)^, so 

\r' -5uJM < \X2\ ^ \r'\. 
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Given that r' is of the form {k + \/2)6u^, this means that x hes strictly between two 
consecutive lines of direction ui, a contradiction. So we have ([7]). 

Therefore we must show that there exist ro and s > such that for all r ^ ro, if 
X G A(7i;), then there exists X £U such that X + x C B"{w). Let v = {w + s)u, v' = wu, 
and X — V = \\x — v\\u{6). Since every direction in u{{62,9i)) is unstable, there exist a 
and b such that 0~ < 9i ^ 9^ and 0^ ^ ^2 < ^'5"- Choose arbitrarily G {9~,9i) and 

^bG (^2,^^^). Let t= 

We divide the remainder of the proof into three cases according to the value of 0. As 
in the proof of Proposition [TOl the first case uses Lemma [8] to deal with values of in T, 
and the second two cases deal separately with with values of 9 near 9i or 92- 

Case 1. Suppose G T. Here, the proof is very similar to in Propositions [Ul and IIUI We 
start by letting X = X{9), and we show the stronger statement that if x G A{w) then 
X + x C B{{w + s)u, r' - s). 

Apply Lemma [8] with our T to get e > such that e{9) ^ e for all G T. Take s = e/2 
and 

f 3e 
ro = - + ^ + l, 

which ensures that if r ^ ro, so r' ^ ro — 1, then (r' — ^ (r' — e)^ + P . Therefore, 
\\x + v- v'f ^ {\\x - v'W - ef + f ^ (r' - e/2f = (r' - sf, 

as required. 

Case 2. Now suppose 9 G {9a,9i)- We show that Xa + x C B"{w). 

Let y G X^, let x — v = xiui + X2U, and let x + y — v = yiui + y2U. We are given that 
x\ + x\ ^ {f')'^- Since Xa C ]HIji^(l), certainly yi ^ xi. Furthermore, since Xa is bounded, 
there exists a constant C2 such that yi ^ xi — C2. Suppose xi — 1/2 ^ yi ^ xi. Then since 
||y|| ^ 1, we have y2 ^ X2 — \/3/2, so if y2 ^ and s ^ \/3/2, then x + y G B"{w). If 1/2 
is negative, we still have x + y G B"{w) provided ro is large enough. This is because by 
choosing r' to he of the form {k + l/2)6u-^ , we have ensured that we have as long a segment 
of l!.u^{k) in B"{0) as we like by taking ro sufficiently large. 

On the other hand, suppose xi — C2 ^ yi ^ xi — 1/2. Since Xa C ]HI^^g-^(l), the 

maximum value of (yi + s)'^ + y2 occurs when x + y lies on the line through x perpendicular 
to u{9a)- So we may assume y = \\y\\u{9~ — vr/2). Thus 

||x + y — w'll^ = ||x — t''|p + 2||x — v'llllyll cos(6' — (6*" — tt/2)) + ||y|p. 

We have the inequalities 9' < 9a ^ 9, so cos(6' — (6*" — tt/2)) = — sm{9 — 9^) ^ — sin{9a — 
9~) ^ — C3, where C3 is a constant. Therefore 

||x + y — v'll^ ^ ||x — f'|p + 2||x — t;'||||y||c3 + ||y|p 

= (||x-^'||-||y||c3)2+||y||2-(||y||c3)2 

^ (r' + s- ||y||c3)2 + ||y||2 - {\\y\\c3)^. 

Now, ||y|| is at least 1 and at most a constant, so taking s = c^/2 we get ||x+7/ — v'p ^ (r')^ 
for sufficiently large ro. 

Case 3. The final case, 9 G {9b, 92), is treated similarly to Case 2. 

In all three cases we have proved that x + y G B"{w). Therefore if Aq = B"{0) then 
inductively B"{st) C At for aU t^O. □ 

Corollary 12. An update family U is supercritical if and only if there exists a finite set 
with infinite closure. □ 
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Theorem 13. Let U he a supercritical update family. Then there exists a positive integer 
/? such that whenever p = p(t) satisfies p ^ t"^/^ we have Pp{U ,t) ^ 1 as t —)• oo. 

Proof. Let tq, s and u be as in Proposition [TTJ If O ^ At then by Proposition [11] Aq 
does not contain a ball of radius rg centred at a point on the line through the origin in 
direction —u at distance at most st from the origin. There are at least cit such balls that 
are disjoint, where ci = s/(2ro + 1). The probability that none of these balls is full is at 
most 

{l-p'^^y^ ^expi-citp''^), 
where C2 = 4rQ. If p ^ ^-i/2c2 ^j^en this is at most exp{—ci\/t). Therefore, if /? = 2c2 then 

PpiU,t) ^ 1 -exp(-ci\/t), 
which tends to 1 as t — t- oo. □ 

4. Critical families 

This section is the primary focus of the paper. We study critical generalized bootstrap 
processes with the aim of proving Theorems [1] and [2j Recall that a critical update family 
is an update family for which their exist droplets and such that the stable set is finite. 

Theorem[Tl which is the lower bound for the critical probability, is proved in Sections 14. II 
and 14.21 The starting point for the proofs of both bounds is [1]. In that paper, Aizenman 
and Lebowitz gave the order of magnitude for the critical probability of two-neighbour 
bootstrap percolation on [n]*^. One ingredient in their proof was the observation that an 
internally spanned grid of side length k must contain at least k initially infected sites. 
They also noted that there is a certain scale (roughly k = log n) at which the probability 
of there existing a k x k grid inside the main n x n grid with at least k initially infected 
sites is minimized. They are then able to show, by means of an algorithm that describes 
exactly how the bootstrap process runs, that if the n x n grid is internally spanned, then 
there must also exist a k x k grid that is internally spanned. Droplets at around the scale 
of log n are called critical droplets, because the existence of an internally spanned critical 
droplet is the main obstacle to percolation. 

Generalized bootstrap processes present us with several problems when trying to gen- 
eralize the techniques of the proof of the lower bound in [1] to the lower bound here. The 
most significant of these is finding an algorithm that describes exactly how the bootstrap 
process spreads. Instead of answering this question, we introduce a covering algorithm 
which dominates the bootstrap process, so that the closure of the initial set ^ is a subset 
of the final configuration under the covering algorithm. If a domain (which does not need 
to be a rectangle) is internally spanned under the generalized bootstrap process, then it 
is also covered by the algorithm. The disadvantage of this covering algorithm is that we 
can no longer say that there exists an internally spanned droplet at the critical scale, just 
that there exists a covered droplet. However, that will turn out to be enough. Key to 
this is a new subadditivity lemma which says, roughly speaking, that when two droplets 
meet, their closure cannot be too large. More specifically, it says that the projection of the 
closure onto any direction is at most the sum of the projections of the original droplets. In 
Section we prove the subadditivity lemma and define and prove some basic properties 
of the covering algorithm. In Section 14.21 we put these tools together and prove Theorem 

m 

The upper bound. Theorem O is proved in Sections 14.31 14.41 and 14.51 Traditionally, 
upper bounds in bootstrap percolation are easier (in fact, often much easier) to prove 
than lower bounds. This does not seem to be the case here, because of the complicated 
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geometry of the update families. For the lower bound this is less of a problem: we are able 
to use simple observations about stable directions to bound sets of infected sites. For the 
upper bound, there is no corresponding way to bound sets of infected sites from below; we 
have to be able say that certain droplets definitely are internally spanned by the bootstrap 
process, and for that we have to understand growth under generalized bootstrap processes. 
The scheme of the proof is the same as in [Ij. First we find a relatively likely way for a 
critical droplet to be internally spanned. Then we show that we only need relatively few 
extra infected sites to grow from a critical droplet to the entire domain. 

We encounter two main problems in the proof of the upper bound. The first, and the 
hardest to overcome, is the problem of growing to the corners of a droplet. When infection 
spreads beyond the boundary of an internally spanned droplet, what normally happens is 
that there is a small cluster of infected sites along one of its sides, and these infected sites 
(or sometimes just one site), together with the droplet itself, spread the infection along 
the side in both directions, so that the new internally spanned object is just the original 
internally spanned droplet with one of its sides extended by one unit. In other words, it is 
another, slightly larger, droplet. However, there are some update families under which the 
infection does not spread all the way to the corners of the droplet, so we get a rounding-off 
effect at the corners. It turns out that this can happen when some unstable directions are 
made unstable by more than one update rule. This might seem counter-intuitive, because 
we are saying that it is more difficult to grow when some directions are (in some sense) very 
unstable, but in fact this difficulty gives us a clue that this is an artificial restriction on 
growth. In Section [4.31 we deal with this problem by introducing quasi-stable directions in 
directions where there would otherwise be this rounding-off effect. Quasi-stable directions 
are not stable directions, but we treat them as such, and we grow droplets as if they were. 
Once we have these in place we find we are able to grow to the corners of droplets. 

The second problem we encounter is that the sides of the droplets shrink. When a 
droplet grows along one of its side as in the previous paragraph, it may be the case that 
the new side has shorter length than the original side (even if we reach the corners). If it 
continues to grow in this way then the side we end up with may have length significantly 
shorter than the original side. It would then be much less likely that there still exists a 
cluster of sites along the side that would allow us to grow. We therefore would like a way 
of growing the sides of the droplets at the right relative speed so that none of the sides 
shrink in the long term while we are growing. In Section [4.41 we show that this is possible. 
We then put all of the tools for the upper bound together and prove Theorem [2] in Section 

The last section. Section 14. 6t concerns versions of both results for percolation of large 
quasi-droplets. We have already noted in the Introduction the close relationship between 
the critical probabilities for hitting the origin by time n and percolation of a grid of side 
length n. Here we extend this relationship to generalized bootstrap processes. We obtain 
bounds for percolation of large quasi-droplets with the critical exponents ai and a2 from 
Theorems [T] and [21 

In the above discussion we mentioned 'clusters of sites' several times, in the context 
of being able to grow along a side. In two-neighbour bootstrap percolation on Z^, the 
'cluster' we need is just a single site. If the sites (0, 0), ... , {k, 0) are all infected, and a 
site (a, 1) is also infected for some ^ a ^ k, then the infection spreads to the whole 
of (0, 1), ... , (k, 1). The same is not true in the generalized setting: we may need several 
extra infected sites for the infection to spread along the side. (What is true though is 
that we only ever need a fixed number of sites, not depending on the length of the side.) 



16 



BELA BOLLOBAS, PAUL SMITH, AND ANDREW UZZELL 



The following definition, which is one of the key definitions of the paper, is our way of 
formalizing this observation. 

Let U be critical. A breakthrough block is a set B of the form X n (]H[„)'^, or a translate 
by an element of W? of such a set, where X is an update rule and u is a stable direction. 
There are no empty breakthrough blocks since ii B = X r\ {M.uY empty then X would 
be a subset of H^, so u would not be stable. 




Figure 3. The rule X consists of the seven sites where there are large 
circles. The two sites where there are filled circles constitute a breakthrough 
block for u. 

We shall also need a notion of the size of a droplet. The subadditivity lemma will involve 
lengths of projections of droplets, not areas, so for the lower bound it will be enough for us 
to know that the droplet is large in at least one direction. Let i? be a (closed) rectifiable 
body in the plane and let u ^ S"^ . Denote by Pe{R) the Euclidean perimeter of R, and 
by TTuiR) the length of the orthogonal projection of R onto the line ^* . Let diam(i?), the 
diameter of R, be the maximal one-dimensional cross-section of R; thus, 

diam(ii!) := sup 'Ku{R)- 

A few more definitions that we shall need concern some of the geometric properties of 
droplets. Let 

s 

i=l 

be a droplet. We define poly(Z)) to be the closed polygonal subset of M? enclosed by 
the lines ^^^(/i), • • . and we let peri(D) := dpo\y{D), the boundary of poly(D). 

Orienting the edges of peri(L') anticlockwise, we define sidej(-D) to be the vector 
representing the ith side of peri(D). It follows trivially that 

s 

^sidei(L>) = 0. 
1=1 

Now let D be a droplet for S. We also define pe, tt^ and diam for D; in each case, the 
definition is that for rectifiable bodies applied to poly(D). Thus, pe{D) := pE{po\y{D)), 
etc. 
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4.1. Subadditivity lemmas and covered droplets. Our aim for the first part of this 
section is to prove the subadditivity lemma. The lemma follows easily from a compression- 
type result about polygons with sides parallel to vectors from a given set, and other 
polygons which one could think of as a first approximation to the convex hulls of the 
original polygons. 

Throughout this section we assume that S = {ui . . .Us} is a finite subset of such 
that there exist droplets for S, and that the Ui are indexed in increasing order of the angle 
they make with u{0) anticlockwise about the origin. We do not assume S is the stable set 
of a critical update family until Lemma [T71 

A (not necessarily convex) polygon P in the plane is an S -polygon if for each side Cj 
of P, the unit vector normal to Cj oriented out of P is an element of S. The stable span 
of R, denoted {R), is the intersection of all convex 5-polygons containing R. We define 
(•) more generally for finite sets of points in the plane; thus, given such a set of points 
K, we set (K) = (conv(K)) n (here, conv(-) denotes the convex hull). It follows that 
the stable span of a droplet is just the droplet itself, and more generally, the stable span 
of a set of points is the minimal droplet containing that set. Note that we always have 
[K] C {K), but equality does not hold in general. (In this thesis we use closure and span 
to mean very different things; in most of the bootstrap percolation literature, these words 
are used interchangeably.) 

Let P be an 5-polygon. Consider line segments i with the following properties: 

(i) one endpoint of ^ is at a vertex v of P and the other is at another point u on the 
boundary of P; 

(ii) i only intersects P at u and v; 

(iii) i is perpendicular to some element n of 5 and the normal to £ in direction u is 
oriented towards the unbounded region of the plane. 

We call such line segments S-rays and we let TZ be the set of all 5-rays. Given an 5-ray 
we define the {P,i)-lake, L{P,i), to be the finite region external to P bounded by P and 
i. The pre-convex hull of P, pc(P), is the union of P and all (P, ^)-lakes; that is, 

pc(P) :=PU IJ L{P,e). 

It follows that pc(P) is an 5-polygon. 

The reason for this definition is that it is easy to see that the perimeter of the pre-convex 
hull of an 5-polygon P is at most as long as that of the original polygon P (in fact, it 
is strictly shorter if there are any non-empty (P, i)-lakes), since each time we add a {P,l) 
lake we are replacing piecewise linear segments of the perimeter of P by a straight line 
segment. This is much less obviously true if one replaces 'pre-convex hull' by 'convex hull' 
in the previous sentence, although as we shall see, it is still true. 

The following lemma would be better described as an observation, but it is a little 
technical to prove formally. 

Lemma 14. Let P be an S-polygon. Then the sides of (P) can be obtained from those of 
pc(P) by translations only. 

Proof. Let u, v and w be adjacent vertices of pc(P). Call the vertex v concave if the line 
segment joining utow lies externally to pc(P), and call it convex otherwise. The first step 
is to prove pc(P) does not have two consecutive concave vertices. Suppose v is concave. 
Let e be the line segment joining u to v and / the line segment joining v to w. Let 7 be 
the map from edges of an 5-polygon to [1, m] such that 7(5) = i if Uj is the direction of the 
externally-oriented normal to the edge g. If we did not have |7(e) — 7(/)| = 1, where the 
term inside the modulus is taken modulo s (recall that s is the number of stable directions. 
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Figure 4. The region enclosed by the sohd hne is an »S-polygon. The 
largest region enclosed by solid or dashed lines is its pre-convex hull. The 
largest region enclosed by solid, dashed or dotted lines is its span. 



\S\), then wc would have a direction strictly between u^(^e) u^(f), and an 5-ray cither 
from vertex u to side / or from vertex w to side e with the associated direction. (The 
(S-ray could not intersect pc(P) between u and /, or w and e, by the definition of the 
pre-convex hull.) Now suppose there are two adjacent concave vertices in pc(P), so we 
have consecutive vertices u, v, w and x with v and w concave. Let e, / and g be the edges 
joining utov,vtow and w to x respectively. Then there is an 5-ray either from u to 5 or 
from X to e with direction u^^^jy So there are no two adjacent concave vertices in pc(P). 

We apply the following algorithm to pc(P). If pc(P) does not have a concave vertex, we 
stop. Otherwise, let v be concave. Let u, v, w be consecutive vertices of pc(P) with edges 
e joining it to u and / joining v to w. The infinite strip enclosed by the edge e, the edge / 
extended beyond w, and the line parallel to / through u, is necessarily empty, otherwise 
there would be an additional iS-ray meeting e with outward normal direction ii-y(/). For 
a similar reason, the infinite strip enclosed by the edge /, the edge e extended beyond 
u, and the line parallel to e through w, is empty, and since pc(P) is connected we must 
therefore have that pc(P) is a subset of the closure of ^ U H*^^^ ^. Now we reverse 
the order that edges e and / appear in the polygon, and let the new vertex introduced 
at their intersection be v' . Note that v' is convex, and that the operation has not made 
either u ot w concave (this last statement follows from |7(e) — 7(/)| = 1 and there being 
no two consecutive concave vertices in pc(P)). Thus we have not increased the number of 
vertices and we have strictly decreased the number of concave vertices. While there are 
concave vertices left, repeat this edge reversing procedure. 

The resulting polygon, Q, is a convex 5-polygon. We would like to show that Q = (P). 
Since (P) is by definition the intersection of all convex 5-polygons containing P, we just 
have to show that Q C (P). For this it is sufficient to have that whenever P c H* ,j it 
is also the case that Q C H* for any a G and u e S. Now since pc(P) C conv(P), 
we certainly have P C H* implies pc(P) C H*^. Next, an easy induction shows us 
that each edge of Q contains a vertex from the original polygon P (but not necessarily at 
an endpoint), and we know each edge has outward normal vector belonging to S; these 
observations together give us Q C (P) as required. Finally, to obtain (P) = Q from pc(P) 
we just changed the order of the sides around the polygon. □ 



GENERALIZED BOOTSTRAP PERCOLATION 19 

The power of Lemma O lies in the following inequality, which is the main subadditivity 
lemma. 

Lemma 15. Let Di and D2 be droplets for S such that DinD2 7^ and let u ^ . Then 

TTuiiDi U D2)) < TTuiDi) + MD2)- 




Figure 5. Lemma [15] says that we always have the sum of the lengths 
of the two dashed projection line segments at most the length of the solid 
projection line segment. 

Let P be a polygon in the plane, let ei, . . . , be its sides, and let u ^ S^. We define 
the edgewise projection tt'^{P) of P in direction u by 

m 
i=l 

Again, if D is a droplet for S, we let vr^(-D) := vrj^ (poly If P is convex then we have 
7r^(P) = 2tTu{P) for all directions u. 

Proof of Lemm,a[T5l We have the following inequalities. 

27r„(Z)i) + 2^„(D2) = K{Di) + <(Z)2) 

^<(Z)iUZ)2) 

^<(pc(Z?iUD2)). 

The first inequality follows because the perimeter of Di U D2 is contained within the 
perimeters of Di and D2. The second inequality follows because pc(Di U D2) is obtained 
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from poly(I?i Ul?2) by successively replacing piecewise linear segments of the boundary of 
poly(-DiU-D2) by straight lines with the same end points, each such replacement preserving 
the inequality. By Lemma [T^ pc(Z)i U D2) and poly((£'i U D2)) have the same edges, so 
we have 

27ru{Di) + 27r„(D2) > <((Z)i U D2)) = 27r„((Di U D2)). □ 

LemmaOalso has the following corollary, which we do not use but we note for reference. 

Corollary 16. Let Di and D2 he droplets for S such that Di n D2 7^ 0. Then 

Pe{{Di^D2))^Ve{Di)+pe{D2). □ 

Next we move on to describing the covering algorithm, which will be our approximation 
to the generalized bootstrap process. Let U be critical and let A be a droplet. Let D be a 
droplet that contains every update rule in U. Choose a maximal set B = {Bi, . . . , B^} of 
disjoint breakthrough blocks in A, and for each i, 1 ^ i ^ k, let be a minimal droplet 
containing Bi. Suppose we have D\,..., D\^. If there do not exist indices i and j and a 
site X such that 

poly(A*) U poly(Z5*) U poly(L) + x) (8) 

is connected, then stop. If there do exist such i, j and x, then choose one such triple, and 
let D' = {Di UDj). We construct . . . , £>^+\ as follows. From the hst D{,...,DI^, 

delete Dj and Dj and add D' . Repeat this procedure until there are no longer any droplets 
that can be combined. Let the final droplets be DI, . . . , D'j^^. (We note that the order in 
which droplets are combined does not affect the final droplets, but the way in which the 
Bi are chosen may affect the final droplets.) If no matter how we choose B we always end 
with kr = 1 and Ei = A, we say that A is strongly covered by A, or when A is understood, 
that A is strongly covered. 

The following series of lemmas collect together some information about the relationship 
between covered droplets and the generalized bootstrap process with initial set A. 

Lemma 17. Let U be critical and let A be a strongly covered droplet with diameter d. 
Then A contains Q{d) disjoint breakthrough blocks. 

Proof. By Lemma [151 when droplets D\ and combine under the strong covering algo- 
rithm we have the inequality 

7r4(A* U D'^) ^ TT^Dj) + TT^Dj) + ci, 

where ci = Tru{D) is a constant and u is an arbitrary unit vector. At each step of the 
algorithm we reduce the number of droplets by one, so there are \B\ — 1 steps in total. 
The droplet Dj is contained in (a translate of) the droplet D that contains every update 
rule X inU, so we have iTuiDj) ^ ci. Therefore, if A is strongly covered by j4, we have 

diam(A) = sup 7r„(A) ^ {2\B\ - l)ci, 

so \B\ = n{d). □ 

Lemma 18. Let U be critical. Let A be a droplet, B a maximal set of breakthrough blocks 
in A, and Ei, . . . ,Ei the final droplets in the strong covering algorithm run on A with B. 
Then [A]\Ac Ei, ...,Ei. 

Proof Let F be the set A \ {Ei U ■■■ U Ei). The set Ei U ■■■ U Ei U F is closed because 
each Ei is closed in itself, no two of the Ei are close enough to interact, and F does not 
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contain any breakthrough blocks. The set [A] is contained in EiL) ■ ■ ■ L) EiL) F, since the 
latter is closed and contains A. Therefore 

[A]\Ac {EiU---UEiU F)\A C EiLI---UEi. □ 

Lemma 19. Let U he critical and let K he a strongly covered droplet with diameter d. 
Then for any d' with ci ^ d' ^ d/3, A contains a strongly covered droplet D of diameter 
between d' and 3d' . 

Proof. Lemma [15] gives 

TTu{{DiUD2)) ^ 3max{7r„(Z)i),7r„(Z)2)} 
for all u ^ whenever there exists x such that 

poly(L>i) U poly (Da) U poly(l) + x) 
is connected, provided max{7r„(Z)i), 7ru(D2)} is at least ci := -KuiD). Therefore 
diam((Di U D2)) = sup 7r„((i:»i U D2)) 

^ sup 3max{TruiDi),TTu{D2)} 

= 3max{diam(Di), diam(L'2)}- 

So the maximum diameter over all the droplets at most triples at each step of the algorithm. 

□ 

4.2. Proof of Theorem [TJ In the introduction we dicussed the role of critical droplets 
in bootstrap percolation. 'Critical' in this context means 'about the right size such that 
the probability of there existing a droplet of this size that contains at least the minimal 
number of sites (or breakthrough blocks) needed to be internally spanned is minimized'. 
It turns out that 'about the right size' means 'about the logarithm of the diameter of the 
main droplet'. Before we turn to the proof of Theorem [1] we need two calculations. The 
first says approximately that the probability of there existing a strongly covered critical 
droplet is small. The second says approximately that the probability of there existing a 
strongly covered droplet containing the origin and having diameter no larger than logt is 
also small. The proof of Theorem [T] will then split into these two cases. 
Before we begin, we define the main exponent, ai. Let 

ai = in.m{\B\ : B is a breakthrough block for some X G U}. 

Lemma 20. Let U he critical, let K he a droplet of diameter d, and let ci,C2 > 6e 
constants. Let p = p{d) satisfy 



P ^ 



1 



Jogd^ 

for some sufficiently small constant Ai > 0. Finally, let G he the event that there exists a 
droplet D C A with diameter hetween C2 log d and 3c2 log d such that D Dllp contains at 
least ci log d breakthrough blocks. Then there exists a constant c > such that 

Fp{G) ^ exp(-clog(i). 

Proof. The number of droplets contained in A with diameter between C2 log d and 3c2 log d 
is at most 

|A|(c3C2logd)^ ^C4d2(logd)^ 

for some positive constants C4 and C5. A droplet of diameter at most 3c2log(i contains 
at most c^Q-Ogd)"^ breakthrough blocks, for some C5. Recall that each breakthrough block 
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has size at least ai. The probability that there exists a droplet D of diameter at most 
31ogd such that -Dnllp contains at least ci logd disjoint breakthrough blocks is therefore 
at most 

\2^ 



V cilogd J 



By Stirling's formula, this is at most 

\2^\ ci logd 



cilogd J 



SO we have 



Pp(G) ^ exp \\og C4 + 2 log d + s log log d+ 

ci logd(log(c5e/ci) + log log d) - ci{logd)ai log(l/p)^. 

Now, since ai log(l/p) ^ log log d — log Ai, it follows that 

Fp{G) ^exp(c6 + sloglogd+(c7 + cilogAi)logd) (9) 

for some constants cg and C7. For small enough Ai the coefficient of logd inside the 
exponential is negative, so for large enough d and some c > 0, we have 

Pp(G) ^ exp(-clogd). □ 

Lemma 21. Let lA he critical and let A = Hp. Let H be the event that the origin is 
contained in a strongly covered droplet with diameter at most logt. Then there exists a 
constant c' > such that 

Fp{H) ^ exp(-c'logd). 

Proof. Let Hi be the event that the strongly covered droplet D containing the origin has 
diameter between i — 1 and i. There are at most cii^i^ droplets of diameter between 
i — 1 and i that contain 0, and each of them contains at most 02^^ breakthrough blocks. 
Furthermore, by Lemma [T71 Dnllp contains at least cs? disjoint breakthrough blocks. Let 
d = diam(D(log t)), so d ^ C4logt for some C4. Putting these together, we have 

FpiR) ^ J2jpm ^ Ec,^^^\Zr''' ^ ^-Hf^' (^) ■ 

There exists a constant C5 such that cii*"^^ ^ cse^^*, so 

Letting A'^^ = C2e^AiC4/c3 be an arbitrarily small constant, we can write this as 

i=l ^ ^ 



C3l 
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We then have 



^ C6exp(-C7log(i) 

for some constants cg and C7, as required. □ 

Finally we are ready to prove Theorem [TJ The argument runs as follows. First we 
observe that the event that the origin is infected by time t does not depend on anything 
that happens outside of a droplet centred on the origin of size proportional to t. Next, we 
show that either the origin is strongly covered inside a droplet of diameter log t, or there 
exists a strongly covered critical droplet not too far from the origin. We know that the 
probability of the first of these is small from Lemma [2H and that the probability of the 
second of these is also small from Lemma [20l 

Proof of TheoremUi Let Et be the event the that origin is infected by time t. Given k, let 
D(k) be the minimal droplet with the property that the Euclidean distance between every 
point on peri(Z)(fc)) and the origin is at least k; this is well-defined since we can consider 
sides independently. There exists a constant ci such that if T = cit, then Et implies the 
event F = {0 G [D{T) n A]}. For example, we could take 

ci = max{||x|| : X G X,X £ U}. 

(We think of ci as being the maximum speed information can travel.) 

Let G be the event that there exists a droplet in D(T) of diameter between logt and 
31ogt that contains at least C2logt disjoint breakthrough blocks, where C2 is the implicit 
constant in the second part of Lemma [T71 Let H be the event that the origin is contained 
in a strongly covered droplet which is itself contained in D{logt). 

If -F occurs and ^ A, then by Lemma [18] the origin lies inside a strongly covered 
droplet D C D(T). If H'^ also occurs, D cannot be contained entirely within D(logt), so 
it must have diameter between logt and 2T. Lemma [19] tells us that D contains a strongly 
covered droplet D' with diameter between logt and 31ogi, so F n {0 ^ A} n implies 
G, or equivalently, F implies GU H L) {0 G A}. Thus, 

Fp{E) ^ Fp{F) Fp{G) + Fp{H) + Pp(0 E ^1). (10) 

Finally we show that each of the probabilities on the right of (jlOp is o(l). First, Pp(0 G 
A) = p = 0(1). Next, by applying Lemma (201 to A = D(T) (which has diameter 0{t)), we 
have C3 > such that for large enough t, 

Fp{G) ^exp(-C3logt) ^0, 
and similarly. Lemma [21] gives immediately some C4 > such that 

Fp{H) ^ exp(-C4logt) 0, 
which completes the proof. □ 
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4.3. Quasi-stability . We now start building up to the proof of the upper bound, Theorem 

El 

Given a stable direction u, we define to be the set of those points x in £u such that 
the origin lies to the left of x as one looks in the direction of u. Analogously, we define 
£^ to be the set of those points x in iu such that the origin lies to the right of x as one 
looks in the direction of u. A u-left-block is a breakthrough block B = X (for some 
X gU) such that B C t^. A u-right-block is a breakthrough block B = X n (for some 
X £ U) such that B C ^J^. These special breakthrough blocks are so-called because we 
think of them as being the means of growing left or right along a side of a droplet. 

Lemma 22. Let U be critical. Then there exists a u-left-block and a u-right-block for 
every stable direction u. 

Proof. Let u = u{6) be stable. Since lA is critical, there exists an update rule X and (5 > 
such that u{(j)) is destabilized by X for every (f) in the open interval / = {9,9 -\- 5). Thus 

^ C fl M„(^) C ]HI„ U C 

so X n (Hu)'^ is a u-left-block. n-right-blocks exist by symmetry. □ 

Given a breakthrough block B, let \\B\\ be the length of B, defined by 

||i?|| := max{||2;|| : x G i?}. 

For each stable direction n, let be the set of all n- left-blocks. Let B\^ = X\^ n H^j 
be a ti-left-block with minimal length, so if i? G B^^ then ||-B^|| ^ We call i?^ the 

u-left-block and X\^ the u-left-rule. Similarly, let be the set of all li-right-blocks and let 
5^ = X^ n M-u be a u-right-block with minimal length, so if G B^^ then ||-B^|| ^ 
We call BJ^ the u-right-block and X^ the u-right-rule. 

These definitions allow us to define 02, one of the two constants in Theorem [21 

02 := max{{||5^|| : n E 5} U {\\B^J : u G 5}}. (11) 

Quasi-stable directions. The need for quasi-stable directions exists because without 
them we do not have a basis for growing droplets into droplets. Before we give the 
definition, we illustrate the situation with an example. Suppose Xi and X2 are two 
update rules such that @{Xi) = {(t>i,ipi) for i = 1,2, and 

Thus, there are no stable directions between ti((/>i) and u{ip2). Suppose (although it does 
not much matter), that in fact u{(f>i) and u{'ip2) are stable directions, so droplets for S 
have consecutive sides with outward normals in the directions of u{(l)i) and u{'ip2)- Now 
suppose we are growing leftwards along the u{<j)i) side, and we are nearly at the corner of 
the droplet. How are we going to reach the corner? Xi does not fit inside the droplet near 
the corner because ipi < ip2, so it partly lies outside the u(V'2) side. X2 does not fit inside 
the droplet near the corner either, because 4)2 > 4>i, so it partly lies outside the ti(0i) side 
(see Figure [6|). So there is no rule that enables us to reach the corner, and we are stuck. 
The solution is to introduce a new direction u, which we shall treat as though it were a 
stable direction, and which is such that 02 < 9{u) < Tpi (and otherwise arbitrary). If we 
add n to 5, we are now able to grow to the corners of droplets for S (or at least, we are 
able to grow to the corners adjacent to the u sides of droplets). 

Let S = {ui, . . . , Us}, where the indexing is such that for each r mod s, Ur = u{9r) and 
Ur+i = u{9r+i) are consecutive stable directions going anticlockwise around S^. Fix r and 
let Xi-^ , ■ ■ ■ , ^ikr ^® ^ minimal collection of update rules such that 
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Figure 6. An illustration of the need for quasi-stable directions. The 
shaded area enclosed by the dashed lines is IHI„(^^-) nEI„(^^), which contains 
the rule Xi. The shaded area enclosed by the dotted lines is My^^^^^^CiMy^^^^^, 
which contains the rule X2. A corner of a typical droplet for S would 
look like the dark grey shaded area, which contains neither Xi nor X2, so 
neither rule can reach the corner. There is a slight abuse of notation in the 
labelling: the directions should be etc., not (pi, etc. 

(i) Xjj = Xl^; 

(ii) Xi^^ =Kr+v 

(iii) e-(Xi^^,) < e+iXi^) for all l^j<kr. 

Such a collection exists because u{9) is not stable for any 9 e {6r, Or+i)- For each 1 ^ j < 
kr choose an arbitrary 

<PjG{9-{X,^^,),e+{X,^)) (12) 
such that u{(j)j) has rational slope, and let Qr := {u{(j)j) : 1 ^ j < kr}. Qr will be empty 
if Xl^^ = X^^^^^, since in that case the minimal collection of rules is just {Xl^^}. We define 
the quasi-stable set Si to be 

s 

<Si :=<SU IJ Qr. 

r=l 

Each 9 G Si \ S is called a quasi-stable direction. We re-index the Ui so that Si = 
{ui, . . . ,Usi}, with the directions indexed in order anticlockwise around (starting at 
u{0), say), and the index always taken mod Si. A quasi-droplet is droplet for Si. 

If u G 5i \ 5 we define = = = 5^ = 0. Intuitively this is because u is not a 
stable direction, so the empty update X = is enough to grow beyond Mu. 

The next lemma ensures that update rules fit into the the corners of quasi-droplets, 
which will also mean that we can grow to the corners of quasi-droplets. It is the key 
property of the quasi-stable set. 

Lemma 23. Let U be critical. Then there exists a positive integer H such that 

xl^ c {Bl^ u H„J n Mu,^, (1) n Mu,_, (H) n m.^. {h) 

and 

xi^ c (s;^ u M„j n M„,_,(i) n M„,^,(iJ) n M_„,(/f) 

for each \ ^ i ^ si. 

Proof. Fix i. li Ui e Si\S then the assertion is trivial because the tx-left-rule and the 
■u-right-rule are both the empty set. So suppose Ui G S. Clearly 

X^ C H_„, (Hi) n Mu,_, m and X^^ C H_„, {Hi) n H„,^, {Hi) 
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for some Hi, since update rules are bounded, so we set H = maxj Hi. Also, C i?„.UEI„. 
because Xi, is the u-left-rule and therefore Xi \ BI, C H,, .. It remains to show that 
Xl. C lHI„i+i(l). If this doesn't hold then (9+(X[j < e{ui+i). If n^+i belongs to Si\S 
then this is a contradiction by (fT^ . If Uj+i belongs to S then this is also a contradiction 
because we would have ^"'"(X^.) = 0(nj-|-i). □ 



, 










/ 

/ 

/ 

/ 

- ■ f 








. . 



Figure 7. Lemma [23] says that X^, is contained in something like the 
shaded area here, excluding sites on the dashed lines, but including the 
breakthrough block i?^,, shown as the sites inside the solid reectangle. 

4.4. Growth of quasi-droplets. In the previous section we formally introduced quasi- 
stability, and proved in Lemma [23] that with the addition of quasi-stable directions to the 
stable set, we are able to reach the corners of quasi-droplets. Our task in this section is 
to describe the growth of quasi-droplets. 

Let be a quasi-droplet. For each quasi-stable direction u set iu{D) to be the unique 
i such that 

iu{i)r\D^ill and 4(^ + 1) nD = 0. 
Thus, D can be written as 

D= f] muiiuiD) + i). 

In the next lemma we prove the existence of a nested sequence of quasi-droplets with 
linearly increasing side lengths for any given initial quasi-droplet D. The subtlety of the 
lemma is merely that we are working on a discrete grid rather than M^. We expect the 
vertices of the nested sequence to lie on or near the angle bisectors of the first quasi-droplet, 
and most of the proof is concerned with showing that this is indeed possible. Once we 
have the sequence of quasi-droplets, the remaining results of this section ensure that we 
can think of growth of quasi-droplets in terms of this sequence, and not have to worry 
about shrinking sides. 

Lemma 24. Let U be critical. Then there exist positive integers di, . . . , ds^ such that if 
D is any quasi-droplet then the sequence of quasi-droplets {Dk)'kLi given by 

Sl 

Dk = f] {iu, (D) + {k-l)d, + 1) (13) 

i=l 

have the following properties for every k ^ 1: 
(i) Dk C Dk+i; 

(a) II sidej(L'fc)|| increases linearly in k for each fixed i ^ si; 
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Proof. Our main task will be finding a suitable droplet D2 (by definition, Di = D) with 
corresponding positive integers di, . . . , d^,^ that do not depend on D. Verifying properties 
(i)-(ii) for the resulting sequence of droplets {Dk)'kLi '^ill follow with little extra work. 

Let Ui be a quasi-stable direction and let Vi and fj+i be the end vertices of the side of 
peri(Z)) corresponding to Ui with Vi to the right of Vj+i as one looks in the direction of 
Ui- Let bi and ftj+i be angle bisectors of peri(Z)) at Vi and fj+i respectively. Let 
be the subset of iu^{iui{D) + j) consisting of sites on or between the bisectors bi and tj+i 
for each j ^ (so /Uj(0) is the Ui side of D), and analogously let fJ,*{j) be the closed line 
segment of il^.{iu^{D) + j) consisting of all points on or between the bisectors bi and 
The Euclidean length of ;U*(j) increases linearly in j, and moreover the rate of increase 
depends only on i and Si, not on D. Accordingly, let mj > be such that 

\\n*U)\\=h + md, (14) 

where li is the Euclidean length of the Ui side of peri(D) and rrii does not depend on D. 

Let y~ be the distance between the point of intersection of ^^i-i (^"i-i (-^)) f^ii^)^ 
and the point of intersection of /^*(1) and hi. Let yf be the distance between the point of 
intersection of (^u^+i (-D)) and /^*(1), and the point of intersection of /^*(1) and 6i+i. 

Let d[ be the minimal positive integer such that 

mi4^y; + y+ + 1. (15) 

Note that d[ depends only on rrii, y^ and y^ , none of which depend on D. Let hi be 
the perpendicular distance between /i*(0) and fi*{d^), and let h = max{/ij : 1 ^ i ^ si}. 
Finally we are in a position to define di. We define to be the minimal positive integer 
such that the perpendicular distance between //*(0) and /i*(dj) is at least h. 

We need to check properties (i) and (ii) for the Dk as defined in (fT3|) for each k ^ 1. (i) 
is trivial by construction for every /c ^ 1, so we just have to check the linearity property. 
For each 1 ^ z ^ si and /c ^ let ^^{k) := i*^.{iui{D) + kdi) and let Wi{k) be the point of 
intersection of fj_i(A;) with Vi{k). Let the intersections of i^j_i(l) and i^i(l) with 6j occur 
at and respectively (see Figure [8]) . 

Suppose tt;i(l) lies to the left (i.e. on the Ui side) of bi. This means is closer to Vi 
than is to Vi. We claim the distance between Wi{l) and is at most If this were 
not the case, ^Ji*{di — 1) would also intersect Vi-i{l) on the Ui side of bi, so since bi is a 
bisector we would have the perpendicular distance of ^*((ii — 1) from /i|(0) also at least 
h, contradicting the definition of di. 

Similarly, suppose t(;j+i(l) lies to the right (i.e. on the Ui side) of ftj+i. This means ^'^j^-^ 
is closer to Uj+i than ^'^j^-^ is to fj+i. We claim the distance between WiJ^i{l) and ^^^j^ is at 
most yf. If this were not the case, ^i*{di — 1) would also intersect i^i+i(l) on the Ui side 
of so since 6^+1 is a bisector we would have the perpendicular distance of ^*{di — 1) 
from /i*(0) also at least h, contradicting the definition of di. 

It follows from these last two paragraphs, together with (|14p and (|15p that 

II side,(Z)2)|| > M{d.i)\\ - {yi + yj) + rmdi - {yr + y+) ^h + l. 

The points Wi{Q),Wi{l),Wi{2), . . . lie equally spaced on a straight line, so the difference 
II sidei(Dfc+i)|| — II sidei(Dfc)|| does not vary with k. When k = 1 the difference is positive 
(in fact it is at least 1), so the lengths increase linearly in k, which is property (ii). □ 

Lemma 25. Let U be critical. Then there exists a constant J such that the following 
holds. Let D be a quasi-droplet all of whose sides have lattice length at least k + 2 J. Then 

\iuA<iD) + d,) n Mu,^,{tu,_,{D) + 1) n M^^^,{iu,^,{D) + l)\^k. (16) 



28 



BELA BOLLOBAS, PAUL SMITH, AND ANDREW UZZELL 



bi+i 



J ' I / J 



-A-'-/- 



'i:^- -^+-NV\ 



Vi 



I I I ! / I 
'///// 
I I J J J 



I I I I I 
I 1 I 1 I 
III/ 

I I I I 
I I I I 

r I r 



Figure 8. Lemma [2il with = 3, dj = 2 and dj+i = 5. 

Proof. This is straightforward. Essentially the lemma is equivalent to the statement that 
the rate at which sides of D shrink is a constant that depends only on S\. 

For each i ^ si, let li be the (Euclidean) length of the Ui side of Z), let /■ be the length 
of the line segment of t^i^iuX^) + f^i) lying between (in,_i and 
and let 4>i be such that cos(/>i = (tij,nj+i). Recalling that is the gap between lines of 
direction ti, we have 

li-li = di'quiicoi (pi + cot (pi-i). 
Now recalling that 5u is the gap between consecutive sites on a line of direction u, a 
segment of a line of direction u of this length contains at most 

Ji := [dir]u^{cot (pi + cot (j)i_i)/5ui\ +1 

sites, which does not depend on D. Therefore we can take J = maxj Jj. □ 

Let be a constant and let D be a quasi-droplet such every side of D contains at least 
K sites. Fix i and let ^ be the line segment given by 

e := in, {in, {D) + l)n M„^_, {D) + l)n Mu,^, {iu,^, (D) + 1). 

Let p be all the sites in ^ excluding the left-most H sites and the right-most H sites. We 
choose K large enough so that |p| is at least 02- 

We are now in a position to prove our first result about the growth of quasi-droplets. 
We show that the presence of a breakthrough block on the side of a (sufficiently large) 
quasi-droplet results in infection spreading along the side to the corners. 

Lemma 26. LetU be critical. Let D, ^ and p he as above, let a he any set 0/02 consecutive 
sites in p, and let K he sufficiently large. Then 

D[Ji(l[D{Ja]. (17) 

Proof. We prove (jl7|) one site at a time, starting with the first site in ^ immediately to the 
left of a (as one looks in the direction oiui), then continuing inductively to the boundary, 
and then doing the same on the right of a. Let x{l) be the lih. site in ^ to the left of a, 
and let y{l) be the lih. site in to the right of cr. 
Starting the induction, let 

D{1) :=Z)UctU{x(1),...,x(/-1)}. 

We must show X^. + x{l) d D{1). By Lemma [23l 

xl c (Bi^ uiH„J niH,,^,(i) niH„,_,(F) niH_„,(F), 
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SO it is enough to show that the right-hand side of this equation, translated by x{l), is a 
subset of D{1). First, we have B[^. + x{l) C D{1)^ because the latter set contains at least 
a2 sites to the right of in ^, and by the definitions of a Uj-left-rule and Q2, -B^. is a 
subset of such that ||-B^. || ^ 02- Therefore we just have to show 

The left-hand side of this equation is contained in the quasi-droplet 

D{1) := (mu, n Mu,^, (1) n fl Uu^, (ci) n IH„^_, [H)) + x{l) 
^ i'=i+l ^ 

for some constant c\ (which does not depend on i or whether we are moving left or right), 
and the right-hand side contains the quasi-droplet D, so it suffices to show D(V) C -D, or 
equivalently, 

iu,{p{l))^iu,{p) (18) 
for all 1 ^ i' ^ si. When i' = i we have this automatically. When i' = i + 1 we have psp 
because ^ C ^u^+i (^u,+i {D) + 1) by the definition of ^, and the boundary of the half-plane 
here is the Uj-j-i boundary of D. When i' = i — we know by the definition of p that there 
are at least H sites to the right of x{l) in ^, all contained in distinct lines of direction Ui-i, 
so we have (|18|) . For i' ^ {i — + 1}, (|18|) holds simply by taking K, the minimum 
side length of D, sufficiently large. 

We have proved that the x{l) all belong to [D U a]. The result for y{l) now follows by 
symmetry. □ 

Let D he a quasi-droplet all of whose sides contain at least K sites, where K is to be 
determined, but is certainly at least large enough for Lemma [26] to hold. Let {Dk)kLi be 
the sequence of droplets given by Lemma [Ml Let p{i^ 0, k) be the elements of the Ui side 
of Dk excluding the left-most H points and the right-Omost H points. We define p{i,j, k) 
for 1 ^ j ^ di to he the set of sites in 

euA<iDk)+j) n ii„^.,(i„,_,(i?fc) + 1) n ]Hi„,^,(i„^^,(D,) + 1) 

excluding the left-most and right-most H sites. 

Lemma 27. Let U he critical. Let D he as ahove and let K he sufficiently large (as a 
function of Si only). For each triple i,j,k let a{i,j,k) he any set of 02 consecutive sites 
in p{i,j, k). Then for each k ^ 1 we have 

si di 

Dk+ic[DkU\J[ja{iJ,k)y (19) 
i=ii=i 

Proof. Let = \ D^- We divide up into the following line segments: 

iDk) + j)n (Dk) + 1) n 

C{i,j,k) := luAiu^iDk) + j) nm^^^^{iu^^^{Dk) + 1) n Afc; 
e(si, j. A;) := ius, (Dk) + j) n Afe. 
Observe that with these definitions we have 

si di 

\J[jai,j,k)=Ak. (20) 
i=ii=i 

For each k ^ 1, we prove ()19p one line segment at a time, starting with i = j = 1 and 
increasing j until we reach j = di with i = 1 fixed, then moving on to i = 2 and j = 1 
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and again continuing until we reach j = d2 with i = 2 fixed, and so on. We prove ()19p for 
each segment S,{i,j,k) using Lemma [26l 
Starting then with i = 1, let 

D{l,j,k) ■.= DkU[j ai,f,k), 
j'=i 

and notice that D{l,j,k) is a quasi-droplet. In order to use Lemma \26\ we need a lower 
bound on the number of sites on the ui side of -D(l, j, /c). By Lemma [25l this number is at 
least the number of sites on the ui side of D minus a constant, for all j and k. Provided 
K is large enough, it follows from Lemma [261 applied to D(l,j, k) and a = cr(l, j, k) that, 
inductively, ^{\,l,k), . . . , ^(1, di, k) are all contained in 

si di 

Dk^{][jcj{i,j,k)\. (21) 
i=ij=i 

For general i, let 

i-l di j-l 

D{i,j,k) := U U ^ii'd',k)U U ahf,f^)- 

i'=i j'=i j'=i 

Again we observe that D{i,j,k) is a quasi-droplet for every triple i,j,k. Furthermore, 
the number of sites along each side is greater here than it was in the i = 1 case, so the 
same argument as we used there easily gives us that Lemma [26] is applicable. Therefore, 
inductively, we have ^(2, 1, A:), ... , ^{2,d2,k), . . . , ^(si, 1, A;), . . . , ^(si, , A;) all contained 
in the set (f2T]l . as required. □ 

4.5. Proof of Theorem [2l The proof of Theorem [2] has the same structure as proofs 
of other theorems of this type (for example, Aizenman and Lebowitz [T] and Holroyd 
|16j). We divide the area surrounding the origin into disjoint squares, each of side length 
roughly (logt)^. We then prove that, with high probability, at least one of the squares 
contains an internally spanned critical droplet. Finally we show that every sufficiently 
long line segment of sites, in directions parallel to the sides of quasi-droplets, contains 
a breakthrough block. These breakthrough blocks enable the critical droplet to grow at 
least as far as the origin, completing the proof. 

In the lower bound we were able to show that if a strongly covered droplet had a large 
projection in any single direction, then it had to contain a large number of breakthrough 
blocks. Thus, the definition of 'diameter' was one-dimensional: we only required the 
droplet to have one large projection; so for example, long thin rectangles would still have 
large diameter. Here in the upper bound setting, the one-dimensional definition is not 
enough: we rely heavily on the capacity to grow in all directions at once. Thus we need 
new (albeit related) notions of the size of the droplet, such that their being large guarantees 
that the droplet is large in a two-dimensional sense. 

Given a quasi-droplet D, let (ji^D) and ^{D) denote, respectively, the minimum and 
maximum number of sites on sides of D (these being taken over all quasi-stable directions) , 
and let 4>*{D) and <I>*(D) denote, respectively, the minimum and maximum Euclidean 
side lengths of D. There exist positive constants such that 4>{D) ^ c(l)*{D) ^ C(I){D) and 
^{D) ^ c^*[D) ^ C^{D). Given any d, it is clear that there exists a quasi-droplet D 
with (^*{D) ^ d ^ si(/>*(Z)), and therefore ^{D) ^ cd ^ Csi<j){D). We cah quasi-droplets 
for which there exists d such that these inequalities hold canonical quasi-droplets. (The 
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parameter d is not necessarily the diameter of these canonical quasi-droplets, but it is 
within a constant factor of the diameter.) 

Before we prove Theorem [2l we need one tool from probability theory. An event A C 
{0, 1}^ is said to be increasing if whenever to ^ A and uj' ^ u under the product order 
(so all infected sites in to are infected in to'), it follows that w' G A. The lemma that we 
need was first proved by Harris [15] in 1960, who used it in his work on bond percolation 
in the plane. Harris's Lemma is a special case of an inequality due to Fortuin, Kasteleyn 
and Ginibre [9], widely known as the FKG inequality. 

Lemma 28 (Harris's Lemma [E]). Let A and B he increasing events. Then 

Pp(^ns) ^Pp(^)Pp(s). 

The first step in the proof of Theorem [2] is a lower bound on the probability that a small 
internally spanned droplet continues growing indefinitely. The proof is a generalization of 
van Enter's proof [19] that the critical probability for bootstrap percolation on the plane 
is zero. 

Lemma 29. Let U he critical. Let D he a quasi-droplet all of whose sides have lattice 
length at least K, and let {D^j'^^i he the sequence of droplets given hy Lemma Then 
there exists a constant Ai > such that we have the following hound, which is uniform in 
n: 

Pp(^/,D„) ^exp(-A2p-"2). 

Proof. Let R{i,j, k) be the event that there are 02 consecutive sites in p{i,j, k). By Lemma 
[271 the probability that is internally spanned is at least 

(si di n \ 
{Di is i.s.jnfl fl f]Rii,j,k)\. 
i=ij=ik=i J 

Now we divide p{i,j, k) into disjoint blocks of length 02 to get 

FpiR{i,j,k)) ^ 1 - (1 -p-2)|p(M,fc)|/a2 ^ 1 _exp ( -p"2|p(i,j, fe)|/a2). 
So by Harris's Lemma, 

Pp(ZY,D„) ^Pp(L)i isi.s.) J] (l-exp(-p"2|/5(i,i,A:)|/a2)) ' ^ 

Now, Pp(I?i is i.s.) ^ p'^^, where C2 = |-Di| is a positive constant, so 

n 

P^{U, Dn) ^ exp ( - Cl J] - log (1 - exp ( - p"^|p(i, j, k)\/a2))), 

k=l 

where ci is the constant ^^di. Property (ii) of Lemma [2^ implies that there are positive 
constants C3 and C4 such that \p{i,j,k)\ ^03 + c^k. Supressing the dependence on n by 
taking the sum to infinity, we have 

00 

Pp{U, Dn) ^ exp ( - C2 log(l/p) -ci^- log (1 - exp ( - p"^ (^3 + C4k)/a2))). 

k=l 

Let / : — )■ be the continuous, positive, decreasing, convex function given by 

/(z) = -log(l-e-^). 



32 



BELA BOLLOBAS, PAUL SMITH, AND ANDREW UZZELL 



Then 

oo 

Pp{U, Dn) ^ exp ( - C2 log(l/p) - ci Y^fip"^ + Cik)/a2 

k=l 

^ exp ^-C2 \og{l/p) - -^P"""" j f{z) 
= exp ( -C2 log(l/p) 



01027'" 



6C4 

the last equality following from Proposition 5(i) of [16j (although all we actually need is 
that the integral is finite). □ 

Proof of Theorem\^ First, note that by a standard coupling argument the probability of 
infecting the origin by time t is increasing in p. Therefore we may assume that p is not 
just greater than or equal to (A2/logi)^/"i, but actually equal to it. 

We would like to look inside a canonical quasi-droplet of diameter about t, show that it 
contains an internally spanned critical droplet, and then show that the infection reaches 
the origin in time at most t. Unfortunately, the last claim is not quite true: we can only 
reach the origin in time of the order of t(logt)^. The solution, as used by Holroyd in |16] . 
is to restrict our attention to a quasi-droplet of diameter about t/ilogt)^. Even with this 
log-factor, there still exists an internally spanned critical droplet with high probability, 
but the log-factor gives us just enough extra room to reach the origin by time t. 

Let r = t/ci(logt)^, where ci is a constant to be determined later. Let A be a minimal 
canonical quasi-droplet containing the origin, such that diam(A) ^ r. Suppose D \s a, 
quasi-droplet contained in A and let Di, D2, ■ ■ ■ be the sequence of quasi-droplets given 
by Lemma [231 Let k be minimal such that Df^ contains the origin. It is easily verified 
that there exists a quasi-droplet A' containing A with diam(A') ^ C2diam(A), such that 
no matter how D is chosen, the resulting quasi-droplet D/^ is contained in A'. 

Let E be the event that A contains an internally spanned droplet D with </>(-D) ^ p"'^"^. 
Noting that there are at least csT'^p^"^ disjoint droplets D with (j){D) ^ p-3Q2 (since A is 
canonical), it follows by Lemma that 

Pp(F^) ^ (1 -exp(-A2p-"^))''"'^'"' 

^ exp ( - exp(-A2P""^)c3T^p^"2^ 

Let F be the event that, for every u £ Si and every z G Z, every segment of iuii) of 
length p~'^"2 that is contained entirely within A' has a sub-segment of length 02 that is 
contained within Hp. There are at most c^t'^ sites in A', so 

Pp(F^) < C4Sir2(l -p°2)P~'"V«2 

< C4S1 exp (2 log r — / 02) 

< C4Siexp (2(logt - 3 log log t - logci) - (log t)^/(A2a2)) ^ 0. 
Claim 30. The event E Ci F is enough to guarantee that the origin is infected by time t. 

If Claim [30] holds then we are done, since 

Pp(F^ U F'^) ^ FpiE") + Pp(F^) ^ 0. 
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Proof of Claim [3R It is sufficient to prove that, given EDF, the origin is infected in time 
at most ciT(logT)'^, since 

cir(logr)=^ ^ ci—^—^{logtf = t. 
ci(logt)'^ 

Our strategy will be to prove that there exists a constant C5 such that the difference 
between the time Df^. becomes fully infected and the time -Dfe+i becomes fully infected is 
at most C5(logT)^, for each k. That will be enough to prove the claim, since G Z),-', 
where r' = cqt, and D^' is infected in time at most 

|Z)| +C5(logr)V ^ C7(logr)3 + C5C6r(logr)^ 

so we would take ci = 2c5Cq. 

Suppose then, at some time, D/. is fully infected. Define 

i{i,j,k) = iuMDk,Ui) + j) nmu^_^{i{Dk,Ui^i) + l)nMu^_^^{i{Dk,Ui+i) + 1) 

for i = 1, . . . , Si and j = 1, . . . ,di. (For i = 1 we have ^(i, j, k) = k), but this is not 
the case for i > 1.) By F, every segment of ^(i, j, k) of length — ((logf)/A2)^ has a 

sub-segment of length 02 that is infected. By Lemma [23l when j = 1, the presence of any 
one of these sub-segments of length 02 is enough to infect the whole of ^{i, 1, k). The fact 
that the maximum gap between two length 02 infected segements is at most p~3a2 means 
that the infection takes time at most p"'^"^. Inducting on j, once CihJ^k) is full, by the 
same argument, ^{i, j + I, k) will be full after at most p~3"2 further steps. Thus the set 

UU^"(^'J'^) (22) 
i=ij=i 

will be infected after at most dp"^""^ steps, where d = maxj di. 
We know from Lemma [271 that 



i=ij=i 



The sites that are in Dj^^i but not in (|22p can be partitioned into si parallelograms of the 
form 

{Mu,{iu,{Dk+i) + 1) \ Mu,{iuADk) + 1)) 

n (H„^+,(Wi(A+i) + l)\Mu,^,iiu,^,{Dk) + 1)). 

Each of these parallelograms has size at most d^, so the infection takes at most steps. 

We have proved that the time between full infection of and full infection of Dk+i is 
at most 

^p-3a2 = 0{{logtf) = 0((logr)3), 
as required. □ 

This completes the proof of Theorem [2j □ 
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4.6. Percolation of large quasi-droplets. For which finite sets A is it interesting to 
talk about percolation on A under U with a random initial set? For example, with two- 
neighbour bootstrap percolation, one always takes A to be a square or a recangle. It would 
not be interesting to ask whether a random subset of A = {x G : ||x||i ^ n} percolates A 
under the two-neighbour model, since we cannot reach extreme points like (n, 0) without 
their being initially infected. Thus, if p = o(l), we would have Pp{U,k) = o(l) too. 
In fact, the property that we want A to have in order that we avoid situations such as 
this is exactly the growth property described in the introduction when we discussed the 
motivation behind the definition of a droplet. For this reason, our results about Pp(JA,K) 
will apply only to sets A that are quasi-droplets. 

With that in mind, in this section we prove analogues of Theorems [1] and [2] for percola- 
tion of large quasi-droplets. In keeping with other results of this form in the percolation 
literature, the bounds that we give are of the same order of magnitude as the corresponding 
bounds in Theorems [T] and [21 

Theorem 31. Let U be critical and let ai and Ai be as in Theorem{I\ Let Ai, A2, ... be 
a sequence of quasi-droplets with diameters di, d2, ■ ■ ■ such that dn ^ 00 and let pi,p2, ■ ■ ■ 
be a sequence of probabilities satisfying 



for each n ^ 1. Then Pp^{U,A.n) as n ^ 00. 

Proof Suppose A„ is internally spanned. Let A^ be the minimal droplet for S containing 
the quasi-droplet A„. We claim that A^ is strongly covered by := Hp n A„. Choose a 
maximal set B of disjoint breakthrough blocks in Aq and run the strong covering algorithm 
on A'„ with B. Let the final droplets be -Ef , . . . , EJ" and let F := \ Ef, . . . , . The 
closure of EfU- ■ -UEfUF contains A„ (since it contains Aq) but the closure of E^U- ■ -DEJ^ 
is itself, so if F is non-empty it must contain a breakthrough block, contradicting the 
maximality of ;B. It follows that A„ C E^ U • • • U S", and since the Ef' are separated and 
all intersect A„, / must be 1. But Ei is a droplet and A„ C i^i C A^, so Ei = A^. We 
have proved that A'„ is strongly covered by Aq. 

By Lemma[T71 A'„ contains a droplet D of diameter between log d„ and 3 log dn such that 
D nUp contains at least ci log dn breakthrough blocks, for some ci. By Lemma [20} since 
diam(A^) ^ C2 diam(A„) for some C2, the probability of this is at most exp(— C3 log dn)- □ 

Theorem 32. Let U be critical and let Q2 and A2 be as in Theorem\^ Let Ai, A2, ... be 
a sequence of canonical quasi-droplets with diameters di,d2, ■ ■ ■ such that (i„ — 00 and let 
pi,P2, ■ ■ ■ be a sequence of probabilities satisfying 



for each n ^ 1. Then Pp^{U,Kn) — >• 1 as n ^ 00. 

Proof. The calculation part of the proof follows the corresponding part of the proof of 
Theorem [2] quite closely, although this time we do not need to use the rescaling trick (that 
is, we do not need to introduce a new time variable r). Let E be the event that A„ contains 
an internally spanned droplet D with 0(D) ^ Cpn'^'^'^, where C > is a constant to be 
determined later in the proof. Noting that there are at least cid^p^'^ disjoint droplets D 
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with (j){D) ^ 2p-3"2^ for some constant ci > 0, it follows by Lemma [29] that 

P,„(£;^)^(l-exp(-A2Pr^))'=^'"""' 

^ exp ( - exp{-X2P~'^^)cidlpl°'^) 

Let F be the event that, for every u ^ Si and every i ^ "L, every segment of ^m(^) of 
length Pn^"'^ that is contained entirely within A„ has a sub-segment of length 02 that is 
contained within IIp^. There are at most C2(i^ sites in A„, for some constant C2 > 0, so 

P,„(F^)^C2M^(l-p-)^""/"^ 

^ C2Siexp (21ogdn -p;;^"V«2) 
= C2S1 exp (2 log dn - (log dnfl (A2a2)) 0. 
Claim 33. The event E Ci F is enough to guarantee that Hp n A„ percolates A„. 
If Claim [33] holds, then we are done, since 

Pp„ (E'^ U F') ^ Pp„ (i?^) + Pp„ (F^) ^ 0. (23) 

The proof of the claim is a little less straightforward than one would hope: we cannot 
simply continue growing from one quasi-droplet to another using the sequence (-D^)^^ 
given by Lemma [Ml because we encounter problems when we meet one of the sides of A. 
After this point, we find we cannot avoid dealing with shrinking sides. Thus, the majority 
of the proof of the claim consists of checking that we can continue growing, side by side, 
once we have first reached the boundary of A. 

Before we prove the claim, we make the following definition. Given a droplet D C A, 
for each i for which side i oi D meets side i of A„ (formally, i^^iD) = (A„)), we say side 
i of D is active. For all other values of z, we say side z of D is dead. 

Proof of Claim 1331 We shall prove inductively the existence of a sequence of droplets D = 
Di,D2, ... ,Dn = An such that for 1 ^ A; ^ iV - 1, if 

Dk = f]MuM, (24) 

i=l 

then there exists h £ {1, . . . , si} such that 

Sl 

Dk+i = f]MuMriM^dlh + l)- (25) 
1=1 

Furthermore, each of these droplets will have the following two properties. 

(i) Every side of has Euclidean length at least 2p~^"2j 

(ii) For each j ^ 1, if exactly j sides of are dead, then each of these sides has 
Euclidean length at least mj, where the rrij (which will depend on n) will be chosen 
later. 

We think of .Dfc+i as being obtained by growing along one side. Property (i) ensures 
that the side of along which we choose to grow contains at least K + p^^"^ sites, and 
that every side of contains at least K sites. Thus by Lemma [26] and event F, if is 
internally spanned, then Dfc+i is internally spanned. Since D\ = D \^ internally spanned 
and Dtv = the existence of these droplets will be enough to prove the claim. 
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Let (5 > be a constant with the following property. Whenever we are given quasi- 
droplets Dk and Dk+i as in ([2l|) and ([25]) such that all the sides of Dk have Euclidean 
length at least 2p~^°'^ , we have 

\s[dehiDk+i)\ > (l-5)|side/,(Dfc)|. 

Suppose we have Dk satisfying (i)-(ii) and that Dk has exactly j dead sides. If j = 
then 

PE{Dk) > PE{Dk-i) ^ . . . ^ Pe{Di) ^ 

for some C > (depending on C), where the inequalities follow by noting that the 
perimeter of D^+i is obtained from the perimeter of D^ by replacing one side by three 
line segments. So some side h of D^ has Euclidean length at least C'p~^°''^. The new 
quasi-droplet Dk+i will be that given by ()25p with this h. We must check that property 
(i) holds for D^+i (property (ii) is automatic since j = 0). The only side of D^+i which 
may have shorter length than the corresponding side in Dk is side h. But | side/i(Dfc+i)| ^ 
(1 — 6)\ sideh{Dk)\ ^ (1 — 6)C'p~^'^'^, which is certainly larger than 2p~^°'^ for sufficiently 
large C". 

Now suppose j ^ 1. We shall prove that there exists an active side h of Dk such that 

\sideh{Dk)\ ^ —rrij. (26) 

for some positive constant e. 

We divide the proof into two cases according to whether or not Dk has two non- 
consecutive dead sides. Before we do that, we need the following observation. Let 
I = + 1 . . . ,^2 — 1,^2} be an interval of indices (considered as a subset of Z/siZ) 

such that 0{ui^) — 0{ui^) ^ vr. Then there exists a unit vector w G M? such that 
(sidej(A„), to) ^ for all i G I. For fixed /, let w{I) be a unit vector w with this 
property. There are a finite number of intervals / and for each one there exists e(/) > 
such that 

{side^{An),w{I)) ^ e(/)|sidei(A„)| 

for all i G / for which the inner product is strictly positive, so there exists an absolute 
constant e > such that 



(sidei(A„), w(/)) ^ e|sidei(A„)| 

for all same range of values of i. 

Case 1. Suppose there are two non-consecutive dead sides, so there exist ii and 12, with 
^2 ^ ^1 + 2, such that sides ii and Z2 are dead, sides ii + 1, . . . , i2 — 1 are active, and 

e{u^,)-e{u^,)i^TT. (27) 

Let w = w{{ii, . . . ,12})-, so (sidej(A„), w) is non-negative for ii ^ i ^ 12 and at least 
e| sidei(A„)| for zi -|- 1 ^ i ^ 22 — and also (sidej(L'fc), w) is non-negative for ii ^12 
and at least e| sidej(Dfc)| for ii -|- 1 ^ i ^ ^2 — 1- For ii + 1 ^ i ^ 12 — l, the Ui sides of Dk 
and kn coincide, so we have 

12 «2-i 

sidei(L'fc) = sideii {Dk) + ^ sidei(A„) + side^j [Dk). 

i=i\ i=i\+l 
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By Cauchy-Schwarz, 

sidei(A) ^ (sidei^{Dk) + ^ sidei(An) + sidejal-Dfc), w 



«=n+i 

42 — 1 

j=n+l 

12 — 1 



^ e ^ I sidei(A„)| 

i=ii + l 

^ e(«2 - ii - l)™^, 

and since i2 ^ ii + 2, this last quantity is at least emj. Therefore by the triangle inequality, 
there exists /i G {ii + 1, . . . , ^2 — 1} such that 

side/j(i:>fc) ^ T 7^ — - ^ — > —rrij, 

i2-ii-l Si-J Si 

as claimed. 

Case 2. Now suppose there is no such pair ii,i2- In this case, all the dead sides are 
consecutive; without loss of generality, they are sides 1, . . . , j. The failure of ([27|) means 
that we must have 0{ui) — 0{uj) > vr. Let w = ,j}), so {sidei{An),w) is non- 

negative for 1 ^ i ^ j and at least e| sidei(A„)| for 2 ^ i ^ j — 1, and also {sidei{Dk),w) is 
non-negative for 1 ^ i ^ j and at least e| sidej(L'fc)| for 2 ^ i ^ j — 1. This time we have 

SI . j-l X 

sidei(Dfc) = -( sidei(Z)fc) + ^sidei(A„) + sidej(L'fc) j , 

i=j+l ^ 1=2 ^ 

SO by Cauchy-Schwarz, 

s\ i-i 

sidei(7:'A:) ^ <|sidei(i:'fc) + ^sidei(A„) +sidej(Z?fc),'u;^ 

i=j+l i=2 

i-1 

= (sidei(Z)fc ),!(;) + y^(sidei(A„), -u;) + (sidej(Z)A:), w). 

i=2 

Now, since sides 1 and j are dead, we have 

min{| sidei(i:>fe)|, I sidej(L'fc)|} ^ m^, 

so 

SI 

sidei(L'fc) ^ jeirij ^ errij. 

i=j+i 

Hence, by the triangle inequality, there exists h £ {j + 1, . . . , si} such that 



sidefe(Dfc)| ^ ^ ^ — m 



as required. 

In both cases we have an active side h of such that ()26p holds. The new quasi-droplet 
will be the Dfc+i given by ()25p with this value of /i. We must check properties (i) and (ii) 
hold for Dfc+i. 



38 



BELA BOLLOBAS, PAUL SMITH, AND ANDREW UZZELL 



For property (i) we note that, as when j = 0, the only side of Dk+i that may be shorter 
than the correspondmg side of is the h side, so we require 

^-^^m,^2p-J-^. (28) 
si 

For property (ii), dead sides never decrease in length, so we only have to consider what 
happens when D^+i has one more dead side than Dk- In this case we require 

—rrij ^ mj+i (29) 

Si 

for j ^ 1, and at the creation of the first dead side we require 

il-6)C'p-''''^ ^mi. (30) 
([28]) and ([29|) are simultaneously satisfied by choosing 

Finally we can choose C (and hence C) sufficiently large so that ()30p is also satisfied. We 
have now proved the claim. □ 

This completes the proof of Theorem [521 □ 



5. Open problems and conjectures 

For many update families, the bounds given in Theorems [1] and [2] are far apart because 
Qi 7^ a2- Which of the two bounds is closer to the truth? One reason why it is hard to 
answer this question is because there is no precedent: because of the level of generality 
at which we are working, these are the first results of their kind in which the scale of the 
threshold isn't necessarily determined exactly. A second reason is that although the strong 
covering algorithm used to prove Theorem [T] seems to be very generous, and therefore it 
is tempting to suggest that this is somewhere where the argument could be tightened, the 
algorithm bears similarities to an algorithm used by Duminil-Copin and Holroyd in [7j, in 
which they determine not only the right scale of the threshold, but also that the threshold 
is sharp (that is, they prove that one can take ai = and Ai = A2). A third reason 
is a recent result of Duminil-Copin and van Enter [8J on a so-called anisotropic threshold 
dynamics model. In this bootstrap process, the neighbourhood N is 

M = {(1,0), (2,0), (0, 1), (-1,0), (-2,0), (0, -1)} 

and = 3. Theorems [1] and [2] give lower and upper bounds for the critical probability 
for this threshold process, with a\ = \ and 02 = 2 respectively. However, Duminil-Copin 
and van Enter prove that the threshold for infecting the origin by time t is of the order of 
•p = (log log t)^/ log i, which is far from both of our bounds. 

For many update families lA we do have a\ = a^- In these cases we conjecture the 
following. 

Conjecture 34. Suppose that Theorems[J\and\^hold with constants ai = a^- Then there 
exists a constant A = X{U) such that 

(i) i/ lim inf(_).oo logt ^ A, then Pp{U,t) — t- 1 as t ^ 00; 

(ii) if limsnp^^^ p"^ logt ^ A, then Pp{h(,t) — as t — )■ 00. 
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It is natural to ask whether there are similar results for generalized bootstrap processes 
in higher dimensions. Given how much more difficult it is to prove sharp threshold results 
for r-neighbour bootstrap percolation in d dimensions than it is to prove such results 
for two-neighbour bootstrap percolation in two dimensions, generalizing the results here 
to higher dimensions may prove quite difficult. Furthermore, we know that in higher 
dimensions many bootstrap models exhibit a sharp threshold at orders of magnitude very 
different to powers of log t; for example, r-neighbour bootstrap percolation in Z'^ exhibits 
a sharp threshold at a power of the (r — l)-times iterated logarithm of t (see [HEIE])- 

Another interesting question concerns the behaviour of subcritical families. The proof 
of Theorem [1] goes through for these families with very few modifications (for example, 
we could just add rules to subcritical families to make new, critical families). This is, of 
course, not surprising. However, it is interesting to ask what happens from above. For 
which subcritical families is it true that there exists a function f{t), which is o(l), such 
that if p ^ /(O) then Pp{^,t) — >• 1 as t — )• oo? For which families is it even true that the 
critical probability for percolation on is 0? 

In fact, these two questions are equivalent. To see this, first note that the critical 
probability for percolation on is if and only if Pp(0 G [Hp]) = 1 for all p > 0. Now 
suppose there exists a function p{t) = o(l) such that Pp{U, t) — )• 1 as t — t- oo. In particular, 
this means that for any fixed p > we have Pp{U, t) — )■ 1 as t — t- oo. So, for any t ^ 0, 

Now suppose there exists po > such that 

IPpo(OG [npo])<l-e, 
and let p{t) = o(l). For large enough t, we have p{t) < pQ, and therefore 

limsup Pp(t)(0 G [np(t)]) ^ 1-e, 

meaning that Pp{U,t) does not tend to 1. 

We conclude the section with an open-ended question. It seems that bootstrap perco- 
lation on the two-dimensional grid 1? may not be the most natural setting for generalized 
update families. In the arguments above, we rarely used any properties of the grid. In fact, 
at some points, such as in the proofs of Lemmas [23] and [25} we had to work to overcome 
the natural structure imposed by 1? . Is there a more suitable setting in which to study 
generalized bootstrap processes, for example vertex transitive graphs, or Borel sets in R'^ 
(as studied by Gravner and Griffeath pTj)? 
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